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ABSTRACT 

Ma~ types of phenomena are investigated by being observed at a 
large number of successive points or successive time intervala1 ,.All 
observations are aubject to error; and it frequently happens that.the· 
errors of successive observations are such that the inferred velo­
cities, accelerations, or the like, are wholly incredible as a result 
of .these errors of observation. In cases of this sort some process 
of smoothi9S is a necessity; and even where no absurdity is obvious a 
smoothing procesa may be highly deairable. This means a proceas by 
which each observed value is altered slightly so as to bring it into 
reasonable relations with those that precede and follow it. In this 
there are obviously two conflicting aims, (a) to ·achieve reasonable 
smoothness, and (b) to slter the observed data by reasonably small 
amounts. The purpose of this report is to present a method qy which· 
these two conflicting aims are more effectively reconciled than qy 

_ a~ previously used method. 
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Construction and Selection of SmootM:ng Formulas 

1. Nature of tho Problem 

The general problem of smoothing consists in lt.'he ·11-e'bt!<rmlnation 
in the most plausible manner available of the values of a funcUcm 'bell.ieved 
to have some 'simple form of regularity or I smoothness' 1 when this regtilarii.Jt,y 
has been obscured by the fact that the values of the function which are 
supposed kno~n have been determined· by an imperfect method which may alter 
each one by some unknown error. These errors are assumed to have a random 
distribution. Their source need not be explicitly specified. They may 
arise as errors of observation, or as an accumulation of errors of ·computation 
such as rounding errore, errors due to omission of small terms, etc. A 
typical source consists in the accidental errors oteurring in a sequence 
of runs on the Differential Analyzer or other analog machine. The values 
originally obtained by the imperfect method will· be called the original or 
crude values, and the values by which we replace these as more plausible, 
the smoothed or adjusted values. The difference between a crude value and 
the corresponding adjusted value will be called a residual. We shall limit 
our consideration here to entries listed against oniY one argument, and 
shall further assume that the values of this argument are equally spaced, 
and hence may be taken without loss of generality as consecutive integers. 

2. Tabular Differences 
The criteria that we shall apply for the smoothness of a sequence 

will be expressed in terms of tabular differences. The notation to be used 
for these will be as follo~m. The original values will be called u0, ~· u2, 

---- 1 where u may be either the first entr,y in the sequence or some entr,y 
0 -

at which we wish to begin consideration. Successive tabular differences 
will be written as follows• 

I 

Lliu • ui-ui-1 

II (j+l) A (j) A (j) 
LJi u ·~i u-~i-1 u 

The tabular difference of any order is defined in terms of differences of 
the next lower order. It may therefore be ultimately expressed in terms 
ot values of the function. Thus 

~~ u • ui-2ui-l + ui-2 
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and in general, 

(j) .,L bj /.\. u .. •. u. k ,• 1: ~-., 
J. r_ ..... 

k=O 

<ch€'re the coefficients b~ are the binomial-coefficients with alternating 

siena, narncly 

bj (-l)k j l 
k •• k ,J (j-k)& 

If the sequcmGe u consists 'or the successive values of a polynomial ot degree 
rn, it is ~mll lmo'm tho.t its tabular differences of degree 111 + 1 are equal 
to zero. If the values of a sequence are in sor~e interval appro:'l:ilnately 
Gqual to the vclucs of a polynomial, then the differences of some order may 

._be e::pected to be smaJ.l. life take then the criterion of .smoothness that the 
tabul~.r differcmces of some order shall be small; and the process of smoothing 
must tend to decrease on the l7hole the magnitudes of the tabular differences 
of sone. order. Practically all sequences that we shall deal lrith ~1ill have 
thn i'olloHinG characteristics. The numerical values of the first order differ­
ences are smaller than those of the values of the function, the second order 
differences smaller than these, and so on for a certain number of orders. 
~'or any one of these orders the values fall into consecutive· groups of several 
value<:: each, ·having one algebraic sign. mthin the group. For higher orders 
the n~~crical values increase with the order, and in any order, not more than 
tHo consecutive values keep the sa.~e sign. If we think of the order for 
Nhich the nwnerical magnitudes are least as m + 1, then we may- regard the 
sequence, at least in some limited neighborhood, as approximately represented 
by a polynomial of degree m. If the differences of order m + 1 are small, 
the sequence a:·1proxima.tes closely to the values. of a polynomial and may- be 
regarded ns smooth. If these differences are not small the process of 
smoothing is one that tends to diminish their magnitudes. If we take m as 
determined by the sequence in the manner just described, then any procedure 
for smoothing must be such that if applied to a polynomial of degree m it 
;~ill leave its values tmchanged. 

3. Smoothing Methods 

The use of a smoothins formula is only one of the possible methods 
of smoothing. By a smoothing formula is here meant a fonnula by which the 
adjusted value of any entry is obtained as an explicit. function of the crude 
va1.tws of a limited number of entries in the neighborhood of the one in 
quostion. The use of such a formula may- be contrasted with·curve fitting in 
that ·the latter makes use of all the entries in a sequence, in adjusting any 
one, 1·~hereas a smoothing formula uses only those in a certain neighborhood. 
In curve fitting also a form of function must be selected in advance nhich 
has one or more-parameters to be dotennined to produce the best fit to the 
given sequence. In smoothing by formula no such selection is necessary. 
SmoothinG by formula may also 'be contrasted with smoothing 1 by eye ' in that 
tho whole operation is summed up in one substitution in a formula for each 
entry, rather than consisting of successive operations each dependent on 
the results of the preceding ones. 
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4. Characters of the Formulas 

Every smoothing formula considered will have the fonn of a linear 
homogeneous function of the values of the neighboring entries. These entries 
Will be confined. to those whose arguments differ from th~t of the entry to be .. 
adjusted .by not more than a certain number n, which will be called the spread 
of the formula. Except for entries within n steps of the beginning or end 
of the sequence, the formula will then involve 2n+l entries, the one to be 
smoothed and n entries on each side of it. 'tlith the exception noted, the 
e.ntries other than ·the one to be smoothed occur in pairs, the two members of 
a pair having arguments equidistant from that of the entry to be smoothed. 
In all such symmetric cases· the formulas will also be symnetric, that is 
they will have equal coefficients for the two entries of any such pair. 
If, however, the entry to be smoothed is within n steps of the beginning or 
end the formula can not be .symmetric as a whole, and the.s,ymmetry of the 
coefficients does not apply •. This case will for.the present be excluded 
from consideration. A method for dealing with entries near the beginning or 
end of a sequence will be discussed in paragraph U •.. In addition·>tli~the 
spread n we shall. use another parameter·m, called the: order,· and defined as 
folloll§r If a smoothing formula is applied. to a sequence all of whose .entries 
are equal, it· is clear that the formula should reproduce these equal values •. 
If a smoothing· formula, when applied to :the successive values of a: polymll'!ial 
of degree m, reproduces those. values.; but fails ·to reproduce,:the values of a 
polynomial of higher order, then the formula will be said·to•be of order.rn. 

5. Principal Objects 

The objects of this paper are to obtain for·variou9 given values of 
n and m those coefficients which shall make the fonnula in each case, a practical 
optimum, and to formulate a criterion for selecting a suitable value of m 
for the smoothing of any particular sequence. A criterion ·for'n is much more 
difficult to obtain1 .since the value ofn deterrnines.the amount of smoothing, 
and this may depend on whether a certain· peculiarity in·the crude v~ues is 
regarded as merely an irregularity to be smoothed out or a genuine· indication 
of a characteristic of the function. As regards the first problem it is nec­
essary to specify 1-1hat the criteria are for an optimum. In ·general it is 
desirable that the residuals shall remain small. This is the criterion of 
fidelity. It is even more desirable that in any neighborhood not too·small 
they shall have a random distribution •r.!.th a mean appro>r!.'!'~~t..n~~ "'"ual tu 
zero. This is a criterion fo!' SlV.Gid..;;nu;;-o1~·bias;;- -obviously one important 
t'!'iterjo;-, ·oi: illoLi.G in a smoothing forn.ula is the attaining of smoothness. 
More concretely this is the diminution of the numerical magnitudes of the 
tabular differences of some order. The amount of this diminution may be called 

.the criterion of pofer. For selections of coefficients •mich are of substan­
tially equal merit rom the foregoing points of view, there may be differenr.ee 
in the ease of evaluation. This may be spoken of _as t.he -t;r!.,l,e!·ion ;;,f conven­
ience. Of these four desiderata "I_e_;;:~::,_c±~g::nt· tli:e · a:vclidiUlce of bias as the 
most import~.nt. Gle~.i.y a giarli!g fault in. a smoo:thi_ng formula would be that • 
~.should make a systematic. shift in one'direction of any considerable number 
of consecutive entries. It may be ·shown that the avoidance of this evil 
depends entirely on the selection of m. ·Fidelity and po1~er are somewhat in J 

conflict. For a given value of m, an· increase in n will increase power 
but is likely to decrease fidelity. In fact for a given value of m we may 
proceed to one extreme by taking n • 0. This gives maximum fidelity since 
there is no smoothing and hence every residual is zero. On the other hand •1e 
may proceed to the other extreme by tw'ing n large enough to include all the 
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entries in the sequnnce. The coefficients could then be chosen so as to,replace 
all the entries by the values of a sincle ~Jolynornial. This Hould eive perfect 
smoothness, and henc•a m('Ximum po<rer, but mir;ht produce large residuals and 
hence poor fidelity. For ziYnn values of m and n the ;orincipal problem is 
to select the coefficients to obtai-"1 mHxi.mw1l po•,rer. Selection on "this basis· 
does not appear to militate ar;ainst fidelity. In t:ener>l the criterion of 
conYenicnce should cor.~e lDst. It may >.ppcar as a small modification of 
coefficients Fhich have been deter::-d.ned as optimum from some form 6£ the 
criteria that haYe been mentioned.; 

/ 
6. CQnditions on the Coefficients to Secure a Specified Order 

From the precedinG lre see that a smoothinG fornrula of spread n may 
be ln'itten in the form 

c.ui+J·:., 
.J 

(1) 

yhere u. is the original Yalue of an entry and U. is the smoothed· value. If 
1 1 ' 

,.;e require ·the fornrula to be of order m this imposes certain conditions on 
the coefficients c.·. The definit. ion of m .requires that Uj, .s u. vrhen the values 
of u. are those ofJa polynomial of degree m. Let this poLynomial be 

1 . 
m k 

ui+j .. z ~j • 
k>=o. 

Then ui., a ' 0 
and 

n m 
ui m :z: cj z: a jki ~ u ... a (2) 

js-n k"O 
k. 1 O· 

n l 
In this sum the coefficient of ~ is 5 cjj '. • Since in (2) .'the. coefficient 

J=-n 
of a 

0 

order 

and 

is 1 and that of every other ~ is zero vre 

m that n 
;E. cj a 1 
Js-n 

·n 
2:. 
j•-n 

have as the conditions for the 

(J) 

(4) 

Hhcn O<k:SO:m. This makes m+l conditions ·imposed .upon 2n+l coefficients· since 
He. are excluding entries ~rithin n steps of the beginning or end. Hence ·if 
m:;.2n there if! no solution. If m-2n there is one solution ~rhich is readily. 
seen to be c •1, cj•O ,.,hen jfO. This gives U.•u

1 
regardless of what •values 

0 . . 1 . 

ui has, and hence provides no smoothing. Therefore to obtain an actual smoothing 
formula vre must have 2n;;> m. \{e have noted that the coefficients· are mnde 
symmetrical, that is cj=c -j. This results in (4) being satisfied automatically 

· for nvery odd value of k. Thus formulas are always of odd order, at least as 
far as this specific condition is concerned. l·Je shall subsequently derive 
further conditions which ~rill distine;uish between second and third order, 
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betnen fourth and fifth, etc. It should be understood', of course, ·that 
the coefficients in the formula do not vary ldth the argwnent of the ent:r;r 
being smoothed. Thus cj does not vary .'dth i. The conditions (.3) and (4) . 

imposed on.the coefficients, cince they are linear relations, may be solved 
if desired for certain of the coefficients and the results substituted for 
these' explicitly, leaving a smaller nwnber of independent. unknown coefficients 
to be determined by. the application of other conditions. 

7. Polynomial of Best Fit 

He shall no~r discuss a method commonly used to complete the determin­
ation of the coefficients, and the reasons for not using this method. The 
method consists in £inding ~oefficients which will give a smoothed value of 
the central entry considered:which is equal to the value at this ccntral.point 
of that polynomial of degree m which is the. best fit fer the 2n+l entries 
used. In speaking of the best fit we may understand.this in either one of 
t~1o ways •. The usual uay is to regard .all 2n+l entries ·as of equal weight. , 
This inyolvea the logical contradiction. that in determining the smoothed 
value of an entry we restrict our atteri.tien to these· 2n+l entries, pres~nbly 
becaune they. are nearer· than the others which we· ignere, and yet we· make no 
distinction .among those we use, in spite of the· fact that some are much 
nearer. than others. On the other hand we may avoid this contradiction by 
giving the 2n+l entries unequal weights, the greatest weight being assigned 
to the entry being smoothed, and· the weights decreasing from this to rela;. 
tively small ~reighta assigned to the outermost entries. In this esse it 
remains to determine the exact assignment of weights. For example the binomial 
coefficients might be regarded as a plausible selection, or some set of weights 
based on the probability function. There are other more desirable selections 
than these; but we shall prefer here to proceed upon a principle more explicitly. 
related to ~!hat may be plausibly regarded as the main advantage of unequal 
~reights. The error in the crude value of any one·entry makes a contribution 
to the smoothed value of each of the 2n+l entries which contain it. If the 
~reights in the formula are equal,. this contribution ,.suddenly jumps from zero 
to a certain value, remains'fixed at this value for 2n+l entries, and then 
suddenly disappears. ':lith unequal weights its contribution is first small, 
then rises gradually·to a maximum and gradually decreases. Thus each error 
contributes in a relatively smooth manner to the final result, and we do '.not· 
depend nearly so much for the final smoothness upon the errors balancing 
each other.locally. Since, in addition to ita logical superiority, a merit 
of unequal weights consists in attaining greater smoothness than that given · 
by equal ~reigli.ts, it. seems preferable to seek this greater smoothness more 

· directly and explicitly.· This will be done in the following; but a digression 
~rill be made here to d1sc\\SS the significance of order. 

"• 
8. : Characteristics of the Order of a Smoothing· Formula. 

If the graph of, the smoothed !tinction (assumed to give' approximately 
the true values) is a curve, then the effect of smoothing by a formula of order 
one is in general that of fitting a straight line to a group··of 2n+l' points 
distributed along the curve or near it, and taking the value at the central 
point on this line for the smoothed value• If the curve has no inflection 
point in the interval considered, this· procedure has the effect of bringing 
the smootned point to the concave aide of the ourve. The straight line, being 
chosen to give.small residuals for all the 2n+l points used (by minimizing 
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the sum ot their squares), is likely to give residuals systematically ot one 
sign near the Jlliddle ot the intellval, and ot the other sign near the ends, 
th_ese •residuals 1 referring ot course merely to the determination of the 
particular straight line and not to the smoothing as a whole. The general 
effect is to put all the SIIIOothed points on the concave side or the true 
curve,.· and thus introduce a systematic bias over any interval in which. the 
curve continues conca'llle one way. If we use a formula of order tlro1 we are 
attempting to fit a parabola to the points. This Will avoid the obvious­
type of bias just mentioned, but may leave a bias not so easilJr obvious, 
that is some tendency for the residuals to remain entirely or predominantly 
of one sign over some cons:lrlerable interval. This is an indication that the 
order used is still too small. He have indicated in Paragraph 2 a method 
for determining m so as to eliminate bias. If this value o! m is used, . 
m+l conditions are imposed on the coefficients. The remaining coefficients 
may then be determined with a view to obt~ing maxii1IUJII smoothness. Since· 
the order m+l is the loWest for ~mich the. magnitudes of. the differences 
are due mainly to the roughness rather than to the true values, the remaining 
degree~;~· of\ freedom are· used in an endeavor to d:lininish the magriitudes of the 
diffe1·enceS. of O!der m+l •. The mctix>d for this will now be discussed. 

') • Fur·ther Conditions on the Coefficiel1ts 

~:e. shall now asstUne that the order of the formula used is sufficient 
to avoid arlJ:ireciable bias. This means that .the true v!il. ues of the function' 
can be represented with sufficient accuracy by a polynomial of degree m in·the 
interval e.'Ctending n steps on each side of the value in question. Now it is. 
a property of a polynomial of degree m that-the differences of order m+l of 
its values at· equl\]. intervals shall be zero. · Let us write 

ui a t. + e. 
l. l. 

where-ti denotes, the true value of the flll'lct'ion and ei the .error.· Then with 

sufficient accuracy ~re ·shall have 

. (m+l) 
b.i t • o. 

Let us express differences· of all orders in terms of the values of the original 
function· by means of the appropriate coefficients, as in Paragraph 2. · Then 

A(m+l) U • ~ m+l· 
w i · ~ · bk ui-k 

9 

'b m+l 
·k 



n 
• ·5' c .Fn j 

. &m~-1). t, 
i+j . 

p ·" . . 
which is'equal.to zero to the approximation that we have used. Consequently . 

. we have approximately 

(m+l) ~ 
~i u-

•o 
bm+l 
k 

n 

~ c e 
1-=n j. i-k+j. 

This is·· the expression ~rhich we desire to minimize in general for any particular 
values of m· snd n in order to achieve an optilm.un set of values of the coefficients 
cj. It is. a linear homogeneous form in .the random variables ei-k+j' and hence 

will in- general be a minimum if the sum of the squares of the coefficients· of 
these variables is minimized •. Now a particular variable ei has ·the coefficient -r 

For the optimum selection of coefficients ck 1 the sum of the· squares ·ot this -r 
expression must be minimized for all relevant values of r. Since r-k-j .the 
extreme values of r Will be -n and n+m+l. \-Ie shall. thus obtain in general the 
smallest values of (m+l) 

1\ U and hence the optimum co.efficients cj if we 
~i 

require that 

(5) 

subject to the requirements (3) and (4) of paragraph 6 for· maldng the :formula 
one of order m. In equation (5) the summation indicated will give certain 
values of k-r outside the limits -n and n. For these there will be no values 
of the coefficient ck • This will present no d2ff12ulty 1:f we merely define 
the coefficients c j -r as being zero whenever j 7 n 1 and detennine non zero 

values for the others. In this condition for a minimum the coefficients 
m+l bk are knotm, lrhereas the coefficients ck-r are unknowns to be determined 

subject only to. the conditions already imposed. These latter m~ be used to 
eliminate one or more of the unknowns and the indicated sum ril1nimized as a 
function of all those that are left. It is, however, much more convenient and 
systematic not to perform these eliminations, but to set up criteria for satist,y­
ing all the conditions. It may be noted that no explicit'criterion of fidelity 
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is introduced. ·It can be aeen, however, that the procedure indicated tends to 
insure a measure of fidelity for ·the follow.!.ng reason. If m is chosen so as 
to eliminate bias, the smoothed values in any interval not too small Will be 
bracketed by the· crude values. This·tends to make them lie as near to the 
crude values as is consistent lrith smoothness. 

10. Formulation of the Conditions 

The problem just formulated is that of minimizing a certain function, 
as given in (5), subject to the. fulfilment of certain conditions namely those 
given in (3) and (4). This problem is a special case of a general one formu­
lated as follows. It is required to minimize the function f ("J.• ~~ --, xr) 
subject to the s conditions givsn by the equations · 

F i Czt,-- :Xr) • 0 i • 1, 2, -- il 

where s<,r. It is a well !mown theorem (cr. Goursat, Cours d~Analyse §61.) 
and easy to prove that a necessary condition for this is the vanishing of all 

_ the (s+l) row determinants in the matrix · 

-------·-· -~ 
r 

. For the oases considered here this condition may be replaced by the vanishing 
of those determinants whose columns are consecutive. For the particular problem 
the arguments x.., ••• x .become c , •••• c • The partial derivatives are 

.1 r -n n 

The function f is that given in. (5) name~ 

r (c_n .... en) • >:1 [ ~ bkmtl ck-rJ 2 
r•- •o 

From the symmetry assumed for the coefficients e-n• ••• en• ek-r may be replaced 

by er-k• The bracket then becomes a tabular difference of order m+l of the 
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sequence of' coefficients c , ... , c and we may 'Write 
--~-~~~~~~~.~~ -n n 

n+m+l (. 1\ (m+l)\ 2 
fCc_n, ••• en)·• k L.lr . J 

~mere !J~1 b.",- denote tabular differences of the coefficients c -n' 
r 

The last row in the ·matr.ix consists of' the successive values of 

~ n+m+l ~-~· • Z 2 bm•l c . bm+l • a i r-o-n =o k r-k • r-i 

This may be written ~lith the more restricted range of sU111111ation 

i+m+l ~ *• 2 ~. mo 

-- c • n. 

· m+l 
since outside this range b i • o, r- To order'this according to the values of'. 

cr-k' let a • r-k. .;Then we have·· 

. ~t:p • 2 c 5 "' . i~l m+l 

·~ · s•~l BI(;O 

A well known theorem on binomill coefficients states that 

J; cj cP • cp+j 
~ k q+k q+j' 

and it is easy to see that a similar theorem except for a sign applies to the 
coefficients b that are used here, It follows then·that 

i+m+l m+l l\ (2m+2} 
Of • 2 a~m 1(-l}m+l b!~~~m+l OS • 2(-1) W . ' a-c; d~ - ' . . ' i+m+l 

l. 

The necessary condition for the required minimum therefore is the vanishing 
of all the (m+2} row determinant~ of the matrix 

1 -n (-n)2_ ~- - (-n}m .. Ll (2m+2} 
· -n+m+l 

1 -n+l (-n+l}~- - (-n+l)m ~ (2m+2} 
•n+m+2 

·- - -

1 
2 nm !:l (2m+2} n n - -.-

n+m+l 

12 



where the rows and columns have been interchanged merely for convenience 
of writ ine. Or ~re rnay ~Jri te 

1 1-2m-2 

1 i-2in-l 

1 1-m-1 

(i-2m-1) 2---- (i-2m-l)m 

2 (1-m-1) ... 

'\ (2rn+2) • 0 
L\. 1 1-t.l-

with 1 a -n+2m+21 -n+2m+3,----, n+m+l. To evaluate this wo may replace 
the elements of the last ro1-1 by that lihear combination of this row and 
the preceding rows which will give in each column the difference of 
order m+l in·that column regarded as a sequence, then replace the elements 
in the next to the last r&w similarly by the differences of order m, and 
so on. This will give (3m+)) 

~ 1 as the last element in the last row, 

a numerical constant in each of the remaining elements in the principal 
diagonal and a zero in each element below this diagonal. The necessary 
condition for a minimum then finally becomes (3m+)} 

D.. 1 • 0 for 

i•-n+2m+2,---- n+m+l, where the differences are those of the coefficients 
c1 regarded as .a·tabular sequence, with the understanding that c1 • 0 if 

12 / n2 
1 and that c1 • c_1• One very significant feature of this result 

consists in the range of values of 1 where it is applicable. The coefficient 
c1 is zero by definition d.£ 1 2 2 (3m+3) 

. · i ;;> n , but the vanishing of fj. 
1 

occurs for at least one.difference at each end of the sequence that 
involves one of these zero coefficients, in fact for a number of them 
at each end equal to m+l. This fact is basio in the technique of 
determining the numerical values of the coefficients. 

11. Case 1-lhere m • o. 
Ill 

For this case /:::.. 1 • 0 when -n+2 ~ 1..;; n+l. This implies 
that c1 may be· expressed as a quadratic in 1, which from the symmetry 

of the coefficients l!llliY be lJritten 
2 

c1 • ~1 +a
0

· 

when -n-1 ~ 1 ~ n+l. From the vaniShing of cn+l we get at once 

~ (n+l)
2 

+ a0 • 0 . or 

c1 • ~ [ 1
2 

- (n+l)
2

] ~ 
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Thus. the coefficients are ·determined except for the constant factor ~. · 
This may be determined by (3) namely the condition that the sum of ~e 
coefficients is equal to unity. In this and all similar cases it is 
sometimes practical to take the constant factor, here ~~ entirely at 

convenience, and to divide the results so obtained by the 'sum of,. all 
the coefficients. In this case we take ~ • -1 and l<Tite ,. 

2 2 
ci • (n+l) - i 

with the understanding that the results of using the formula thus produced 
are ahrays to be divided by the sum of the coefficients. Thus for n • 1 
we have 

For n .. 21 
U

0 
• (5u_2 + 8u_1 + 9u

0 
+ ·a~ + 5~) + 35 

Using merely detached coefficients we may write for n • 3 

(1 + 12 + 15 + 16+ 15 + 12 + 7) + 84 

For n • 4 

(9 + 16.~ 21'+ 24 + 25 + 24 + 21 + 16 + 9). 165 

For n •. 5 
(11 + 20 + 27 + 32 + 35 + 36 + 35 + 32 + 27 + 20 + 11) • 286 

and so on for any n. 

12. Use of the Binomial Coefficients 

Before proceeding to larr;er values of. m, we may observe that 
from the analo&Y of the prccedinc; He may expect to have to perform six 
summations or finite integrations for rn • 1, nine for rn • 2 and so on. 
Nolr altho ~re proceeded \dthout difficulty(" the simple case where m • 0 
by expressing c1 as a polynomial in i 1 we shall find that finite differ-

ences and more particularly finite summations are handled much more 
easily if c. and its successive differences are expressed as a sum of 

l. 

multiples of binomial coefficients instead of a sum of multiples of 
powers, i.e. if we deal ~rith terms contai.riing i j 

· C j rather than i • We 

shall use a definition slightly more general than the binomilil coefficient 
proper, namely · 

m1 i(i-1)----(i-·+1 · c6> 
'j'. ~·~ , '"'- .,( \' . ~ , \ ·, :· ' 

lrhere j is a positive intec;er but i may be any integer. Further let 

C~ • l for any 1 and C~ • 0 if j<.O for any i. From (6) lre have 

c~ .. o if o .$; i < j. 

14 



Also 
.:~ • (-l)j d-i-1 

J J 

From the definition we may readily derive 

i+l i i· 
cj+l- cJ+l. c 3• 

If we caJ.l this X Ci+l we can aJ.so write 
L4 j+l' 

k 
2:. 
i=j 

(7) 

(8) 

(9) 

It is clear that (8) and (9) are vastly.easier to use than the corresponding 
formulas for differences and sums of powers, particularly the latter which 
involve Bernoulli numbers or their equivalent. In any case,. at each 
successive step of integration an unknown additive constant must be intro­
duced. In half the cases this may be readily found as follows. From 
the symmetry of the coefficients, c_i • ci. Hence 

r ' fi -i .. c_i - c-i-1 .. 0 i - ci+l • - ..6:i+l 

Likewise 

II A II ll."'. D A Ill 

~-l • ~i+2• Ll-i - Lli+3 and in general 
~·. 

A(j) • (-l)j A (j) 
Ll-i u i+j (lD) 

This combined "~<'ith (7) gives an equation involving ,the constant of inte­
gration. In haJ.f the cases this determines its value. In the other 
half it is merely an identity, and the constant must be found otherwise. 

There is one feature of the binomial coefficients which is not 
so simple as that for p61<ers. If the· smoothing coefficients ci are ex-

pressed as a polynomial1 'their symmetry llhieh makes c. • c i is provided 
J. -

by· merely omitting the odd powers. With binomial coefficients we mey­
procced as folloHs. The essential. feature is that the symmetry reduces 
the number of parameters to determine. This may be accomplished by 
joining two binomial. coefficients in a fixed pattern. Let a difference 
in ci of any order be 

6_(J.P. a Qqi+p + gi+p 
q-1' 

or a sum of multiples of such quantities. Then 

~(j) .·• a cJ-i+p + cj-i+p 
j-i q q-1 

1$ 



B,y (7) this becomes 

But by (10) 
(j) (j) b. • ( -1) j /i. • ( -1) j (a ci+p + ci+p) 
j-1 i . q q-1 

. . ( j) . 
These two expressions for 6, will be equal if a • 2 and 2 p • q-j-2, 

j-1 
. (j) . 

The terms which make up ~ will then have the form 
i 

2ci+p + ci•
1
P with 2 P. q-j-2 

q q-

vi 
Case ~'>'here m • 1, We start here with /:j, • 0 when -n+4tO;iE;n+2, 

i . v 
From this~ is a constant; but the constant is zero by (10), so that 

v i 6. • 0 when -n+3~ i ~ n+2, Thus the hie:hest order non-vanishing difference 

i iv 
is ti , Since this is a constant, writing it in the form just derived requires 

1 
that q • 0, Hence p' • -3 and 

' iv 
1\- • 2 a ci-3 when -n+2 os;; i~n+2 
~i 2 0 

Then in succession 

when - n+l ~ i~n+2 

lh. General Procedure, We shall now seek a procedure applicable to 
aqy value of m, The general expression for any order of difference of the 
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coefficients c • • • • c is 
-n n 

(11) 

holding when -n+j-m-1 :$ i ~ n+m+l, The summation extends from'k "• 0 to an 
upper limit depending on m, the limit being given by the relation ·2k~3m+2 
This may be seen by noting that the highest order difference which 'may be 
different from zero is j • 3m+2, The second term in the parenthesis in 
(11) then has the lower index 2k-3m-2 and this must be zero to make this 
term a constant, Of course terms with smaller values of k are introduced 
by the successive integ~ations. 

Putting j • 0 gives 

L (Ci+k-1 _i+k-1) 
c 1 • k ak 2 k-1 + 2 C'2k (12) 

holding when -n-m-1 ~ i < n + m + 1. Summing once more with respect to 
i gives 

(13) 

The meaning .of ai is.~he sum of the· coefficients beginning at some fixed 

point in the sequence and ending with ci. To determine the fixed point 

we may observe· that o • 2 a but a • a • Hence the sum begins with _half 
0 0 0 0 

of the middle coefficient, This makes the sum of all the coefficients 
equal to 2a • n. 

15. Determination of the Additive Constants, In order to evaluate 
the expression for ci it remains to determine the values of a0,~··• the 

number of these depending on m, When m • 01 there are on~ the two, a
0 

and ~· and two conditions are needed to determine them, For larger 

values of m there are more c'onstants and correspondingly more conditions, 
For all values of m we have the condition 2an•l, The expression for eli 

holds up to i • n+m+l, but ci • 0 if i > n, Hence we have the conditions 
c· 1 • o, c 2 • o, •• c 1 • 0, Further conditions arising from equation n+ n+ n+m+ 
(4) remain to be formulated, but entj!r,, for the first time only when m•2, 
In the following no upper limit will be indicated for·k in the sums used, so 
that the equations written may be used for any value of m by extending the 
values of:k suitably, On the other hand elimination will occur of certain 
terms with small values of k, or these terms may be written separately, and 
the notation L, I: , r: will be used for sums in which, o, 1, 2, ... 

0 1 2 . ' 
respectively is the smallest value of k, In all such sums also the letter 
a with~j~ subscript will be used for ak' Although the two-term expression 

for fi is well adapted for the summation process, it will usually be 
i 
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convenient for algebraic purposes to make use of the tran3formation 

cP + 2 cP • 2p-q+l 
q q+l q+l 

cP q • (14) 

Of course this is not applicable when q a -1. We have then 

(16) 
• 

For the actual evaluation of the coefficients ci the following is 

perhaps the most convenient form. 

ci • 2ao + i
2 

[al + \:41 
{ ~ + ~:64 [a3 + ~~g9 { a4 + •· .. J]}j 

For particular. values of i this becomes 

IS • "a 0 ~- 0 

c1 • c1 • 2 a
0 

+ ~ 

c2 • c,_2 • 2a
0 

+ 4~ + a
2 

c). 0;.) •.2_ao + 9al + 6a2 +a) 

c4 • c_
4 

• 2a
0 

+ 16a
1 

+ 20a
2 

+ Ba
3 

+ a
4 

cS • ci -5' • 2 a
0 

+ 25' ~ + 5'0 a2 + 35' a, + 10 a
4 

+ a5 
c6 • c_6 • 2a

0 
+ )6~ + 105'a2 + 112a

3 
+ 5'4a

4 
+ 12a5' + a6 

. 07 - c_7 • 2ao + 49al + 196a2 + 294a) + 210a4 + 77 as+ 14a6 + a7 

c6 • c _6 • 2 a
0 

+ 64a,_ + ))6a2 + 672 a
3 

+ 66oa
4 

+ 35'2 a5 + 104a
6 

+ 16a
7 

+ 

c9 • c_9 • 2a
0 

+ 81:~ + 5'40a
2 

+ 1)66a
3 

+ 1762a
4 

+ 1267a; + 5'46a
6 

+ 135'a
7 

+ 

c10 • o _10-2 a
0 

+ 100 a1 + 625' a2 + 2640 a
3 

+ 4290 a
4 

+ 4004 a5 + 2275' a
6 

+ BOO a
7 

+ 

ell ·_c-n•2ao + 12lal + 1210a2 + 4719a) + 94)61l4 +nona,+ 6006a6 + J740a7 + 

012 - b -12•2 ao + 144 al + ·1716 a2 + 6006 a) + 19305' a4 + 2745'6 as. + 2475'21£6 + 14666 a7 + 

with the understanding that the formulae stop with a1 when m • 01 with a2 when 
m • 1 1 with a when m • 2, with a~ when m • ) 1 with. ~7 when m • 41 etc. It 
remains to de~ ermine the values of a0 , a11 ••• for ~ri_ous value a of m and n. 

16. Details for Various Values of m. For any value of m we have the two 
equations 2on•l and :c_n+l • o. From these we may write · 
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' \ n+k .. d'ln'· 1 
p o • "Tri+! • 2(2n+l) ·2: 

0 

k 
a
1
n(n+l) 

"~•::...,.. en+ . 2 k + 1 2 k • 8 o + 2.)' + L2~+1 c2k J 
2 

.. • 
• nPl-6Po;: -3 -2ao a2n(n+l)(n+2) ")" a(k.:.l) n+k 

Ql 2n+J . (2n+l}(2ri+)). "'fi+r + 22•3.5 +, k(2k +l) c2k .. l' 

o_ • (n+l)P1-2P0 • -l. ~(n+l) + a2n(n+l)(n+2) +L a cn+k 
4! 2n+) (2n+l)(l!n+3) · 3 2.3.5 32k+l 2k-l• 

to/hen m • 0 1 k <2, and hence 

a • -3 
. 1 (n+l)(2n+l)(2n+3) 

When m > 0, ·we have the additional condition 

c:n+2 • o, . or 
. ~~+2 2ao + ~ a Cn+k+l 

p 2 • -- • 0 • ~ + ~ ( n+2) '-2 k 2 k-1 ll*!2.. n+ 

(n+l)P2-(n+2)Pl ·2ao a2(n+l)(n+2) 
Q3 • 2 n + 3 • 0 • -r( n...:+::l:.;:)~( n:....+""'2,...) + 

2
2 , 

3 

Before proceeding·rurther it is convenient to introduce a notation for certain 
types of products, 

Let q(x,y) ;. x(x+l)(x+2),.,(x+y-l), 

r(x,y) • x(x+2)(x+4),,,(x+2y-2) 

Thus q(x,y) and r(x,y) each denote a product of y factors of which the first 
is x, the· successive factors increasing by l in the case of q., and by 2 in . · 
the case of r, vlith this notation we continue, 

· nQ).,.,~ · ),5 · 22 ao a~q(n,4) 2;· 'II k-2 2) n+k 
R_ .. • • • • + + c 
-~ 2n+5 r(2n+l,3) q(n+l,2) 2 ,)2 •5•

7 
kr 2 -1, ) 2k-2 



(n+2)Q
3

-Q
1 

(n+l)Q
4
-3 Q2 3 

2n + 5 · • 2n + 5 • r(2n+l1 3) 

a q(n+l1 2) 
• 2 

2,J,5 
a
3
q(n,4) 

+ z· + 
2 .).!5.7 

When m • 1, k <3, and hence 

'),5q(n+l 1 2) 
ao • 2 ' ~ • r(?n+l 1 ))> 

-3.5 2 
• 2 ,) .s 

a2 q(n+i,2)r2n+l,)) 2 r(2n+l1 3) 

When m > 1, we .have two adi:!itional conditions, 

c· • 0 and a r • L .1
2 'ci • 0, The former gi vee us, in the same manner 

n+) i•l 
as before, 

eJ 2 a 
P -~-o.--2 ) ii+3 n+) 

+ a.(n+)) + ~! cn+k+2 
.L 2 k 2k-l . 

In order to utilize the summation properties of the binomial coefficients 
. we make the following.tPanef&rmation in evaluating a' 

i 2, • "' (?i2 ci+k-1 i2 ci+k-il. ) 
· ~ i 'lc a 2 k + 2 k-1 • 

Now . 2 i+k i i+k-1 i+k-1 2 i+k-1 
i C2k- • (i+k)(i~k-1)C?k + (i+k)C2 k + k c2 k 

(2k •)(2k 1) ci+k (2k+l)·ci2+kk+1 + k2Ci2+kk-1 • + < + 2 k+2 + 

Li~ewise 
2 i+k-1 i+k 2 i+k-1 

i c2 k .. 1 • 2 k(2 k+1)c2 k+1 + k c2 k-l 

Hence 

and 

a~ • ') r2(k 1)(2k 1)(.2Cn+k+1 Cn+k+1 ) 
~ ar + + 2k+) + 2k+2 
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.. "'\" [2(k+1)(2k+1)(2n+1) cn+k+1+ k
2

(2n+1) cn•kl 
/k a 2k+3 · 2k+2•- 2k+l 2k J 

• ( 2 ·•1)) [<n+k+1}(n-k) + L] cn+k 
n L1c a 2k+3 2k+1 2k 

.(2n+1) ~a n(n+1)(2k+1)-k cn+k 0 4 (2k+1H2k+3) 2k • • 

1-, 
P' o• • 0 • ~ + 3n(n+1)-1 + 

• n(n+1H2n+1) 3 ~ 2.3.5 

Q • (n+2)Pr(n+3)P2 • O • • 2 1\J + a:!q(n+2,2) + "'\'" a(k-1) Cn+k+1 
5 2n+ q(n+2,2) 22.

3 
.£y k(2k-1) 2k-2 

(n+3)P
3

-(n+2)P2 · a2q(n+2,2) ~ 
8 

n+k+1 •O•L + + L~c 2n+5 · - .1 2.3 
3 

.:k-1 2k-2 

(n+3)Q,-(n+1)Q3 . a2{n+2'' a2q(n+1,3) ~ a n+k 
R • - · • Q - Q • 0 • . ',,. ~ · ,.. 4.,_: C 6 n + 2 6 4 - j. · ,J,fi 4 2k:I1 2kl.3 

nR -14R .. s 4 1 - -2.3.~-7 
1 • 2n+7 • r(2n+1,4) 
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-2.3.5 
• r(2n+1,4) 

a
3
q(n+l,3) 

• ;>,3.5.7 

2 
5n(n+1)P'·-(3n +Jn-1)P 

0 
-{3n2+) 'l-1 ) -a

0 
a2q( n-1, 4) 

· (2n-1)(2n+3) • 2r(2n-1,J) • T + 3 <' + 
2 ,J,:>o7 

~ a(k-1) C n+k 
Lr(2k+l 1 2) 2k 

3 

· n(n+1)(3P 1 -P ) 
- 0 

QB • (2n-1)(2n+J) 
-n(n+1) ~q(n, 2 ) 

• 2r(2n-1,J) • 2.).5 

(n+1) Q
1
-6Q

7 
R9 • (2n+SJ 

2 
• -3.5.7(n +Jn-1) 

r(2n-1,5) 

-4a 
• 0 

(q(n+l,2) 

a4q(n-1,6) 

+ 5 3 5 2 .3 •• 7.11 
+ 

"' aq(k-3,3) cn+k 
L_krl2k-1,3) 2k-2 

5 

+ a4q(n-l,6) ., 

4 j 5 2 .) •• 7.11 

.. 

• 



• 

. (n+2)'1_-3R., (n+1)R
2
-SR

8 
nR

3
-7R

9 s • • Ill-="~~ 
8 2n+ 7 2n+ 7 2n+ 7 

i 

T (n-1 )51-225? . 2.32 .5.7(3n2 + 12n-4) 
1 • 2n + 9 • r(2n-1,6) 

25 a • 0 
q(n+I,3) 

2 -2 a1 
• 5(n+2) 

(n+J)S
1
-655 (n+2)S

2
-1o5

6 r,- 2n+9 • 2n+9 

2 .).~ .• 7n(n+h) 
• r(2n-1,6) 

·When m • 2;.k<5, and hence 

(n+l) 5
3
-145

7 • · 2n+ 9 

·/s. 7(3n2 + 12n-4)q(n+l,3) 
8 o • · L> · 

2 r(2n-1,6) 

-l.s. 7(Sn2 + 20n-))(n+2) 
8 1 • 2r(2n-1,6) · 

2) 

+ "" ~(k-4,3) 0n+k 
.Lg-t2k-1,3) 2k-3 



3h22. ) 2 .3 .5 .7 .nn(n+h 
ah • q(n,5)r(2n-1,6) 

By exactly similar methods one may obt~in the results for m • 3 and 
m • h. The algebraic details !lre rather ·tedious and will be omitted here. 
The results are as follows. For m • 31 

2 (n 2 a • 3 .7.11[} +l,h)(Jn + 15n-5l 
0 2 r(2n-l, 7) 

2 2 a • -3 .S.7.llq(n+2,2)(5n + 25n-4) 
1 3 . 

2 r(2n-1,7) 

• J3.S.7.11(7n2+35n-3) 
a2 r(2n-1,7} 

3 h 2 2 2 
a4 • 2 .) .5 • 7 .11 (lln + SSn-1) 

q(n+l,4)r(2n-1,7) 

2 h 3 2 
a • -3 .S.7.11.13q(n+2,3)(35n +h20n +93ln -197hn+l80) 
1 25r(2n-3,10) 

a • ~3 5_,.:.::5~· 7.w.:.!l;=.l ~· 1::.,:3:.!.( :.:..n +:...,.3CL) .l.:( 2:.::l::.:n:...h +:..:2:.::5.::;;2 n::.3....;+~5 7.:...:9;,.:;n,_
2 

...:-1:.:0;.::;6::.:2 n"-'+.:::4::;.<.0 ) 
2 23r(2n-),10) 

-34.53.7 .11.13(99n4+1188n3 +278Jn2 -!h686n+'itl 
a) • 2 

2 (n+J)r(2n-3,10) 

2.34.s3.72.11.13(14Jn4+1716n3+4069n2-6h7hn+36) 
8 4 .• q(n+2,J)r(2n-),10) 

a • -22.J8.s3.72.11.13(65n4+780n3+1865n2-2B50n+4) 
5 q(n+l,$)r(2n-3,10) 

47322 2 ) 2 .3 .5 .7 ,11 .13.17(15n +90n-107 
a6 • q(n+l,S)r(2n-3,10) 
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. 5·7)2·2.2 
a.. • -2 .) .5 • 7 •11 .lJ.l7wJ,9-

r . q(n+l,5)r(2n-J,lOY · 

17. Tabulation of Coefficients. The values just given and those · 

previously obtained, when substituted in (15) or in the enurnerat~ special 

cases which follOW' (16) give the numerical values of c
1 

for i2 ~ n , n ~ 121 

and m ~h. They furnish smoothing formulas of degree up to the fourth and 
spread up to 25 entries (n a 12). They are tabulated in two forms, Tables 

1 to 5. labeled P.s "Deta l~ultipliers (Exact Valuesr and Tables 6 - 10 labeled 

"Data Multipliers (Decimal Approximations)", Since these last are approxi• 

mations it is not to be expected that they will satisfy exactly·all the 
theoretical conditions, The value of c , however, has been adjusted so that 

0 . 

the coefi'icients in all cases satisfy condition (J) namely the requirernent 
that their sum be unity, This may be regarded as the most fundamental re­

quirement. The values are given. to 9 decimals. This is a convenient number 

i'or the large electronic machines. It means that for all prac.tical purposes 

they are exact. Ii', however, it is desired to use the coefficients with . 

ordinary desk calculators, the use of so many decimals is unduly laborious, 

and mere rounding to a small number of decimals will in general destroy the 

conformity to the theoretical conditions, Since the bias thus introduced 

could conceivably be significant it is recommended that if these tables are 

reduced to a small number of decimals the procedure be as follows, For . 

m • 0 or m m 1, equation (J) is the only condition necessary to consider.' 
In these cases we may take the ordinary rounded values of a1 ••• B and find 

the central co.efficient as · n 

Form • 2 or m ··J we must 
then the rounded val11es of 

co • 1-2 t:.. tii (17) 
i•l ' 

also sat.1 sfy equation 
c

2 
••• ·c , write 

.· n 

(h) with k • 2. \ve take: 

(18) 

and find c' from (17). For m = h we must also satisfy equation (h) vith 
0 

k D 4. If in this equation we substitute k • 2 and k • h and eliminate 

cl we get 
1 -u (19) 

In this case we take the rounded values of c~3 ••• c and substitute . n 

successively in (19), (10), and (17). In equations (17) and (18) the 
coefficients are obviously integers. In (19) they are also integers since 

i 2(i2-l) is devisible by 12 for any integer value of i, Hence the sub­
stitution in these equations involves no r•Junding and the results satisfy 

them exactly, In order to keep the chang~s in the central coefficients 
as small as possible it may be feasible to exercise some judgement in the 
rounding of the outer ones. For example for m • 4, n K 4, straight -!"0\H\ding-



rounding to four decimals would give c
0 

• .4976, a1 • .3046, c2 • -.0063, 
c3 • -,06771 and c4 • .0206. I! we accept these values of c

3 
and c

4 
and 

compute the others we get c2 • -.0058, c
1 

• .)029, and c
0 

• .5000. On ~e 
other hand if we use c

3 
• -.0676, we get c2 • -.0064, ·c1 • ,J044, and 

c • .4980, which are much nearer to the exact values. The reason is as 
0 

follows. The six-decimal values are c
3 

• -.067688 and c
4 

• .020624. In 
the first case the rounding of c

3 
and a4 gives respective alterations of 

-.000012 and -.000024. In (15) these are multiplied by the coe!!icients 
-6 and -20 and give an alteration o! .000552. In the second case the 
alteration in c3 is made + .• 000088. Now although this i.s larger than before 

it gives an alteration in c2 of only -.000048. A little juggling of this 

sort ma.y diminish appreciably the alterations in the oentra.l coefficients, 
which may become considerable for the larger values of n. The technique 
is to select the rounded value of en first and select in succession the 

·rounding ot c 1 c 2 ••• so as to prevent the building up of a large n• , n-
alteration in o2 • 

18. Entries Near the Ber,inning or End. We have noted that a formula 
of spread n cannot bO appllod withi.n n steps of the beginning or end of a 
sequence because of the absence of some of the terma called for. It is 
theoretically possible to derive special asymmtrical formulas to cover these 
oaeee. They require, however, greatly increased labor both in derivation 
and in use. The follo\dng procedure appears adcquata to deal with the values 
near the ends, Whatever method may be used for selecting n for the body of 
tl'1e ·tQ.ble, it need not be regarded as invioluble. F'or a value near enough 
to either end to call for an entry outside tho table with the regular value 
of n, ~m shall simply uso a value of n enough diminished to avoid this dif­
ficulty. In general we may continue to use the regular value of m. However, 
we may not diminish n so far as to make 2n~m, since then there will be no 
smoothing. \;hen this occurll, 111 may be docreased al~o, being taken equal to 
2n•l. <Jben thia is dons, a11ch entry of the sequence is smoothed except the 
end one, where the origin'll value ie left unch::mgod, There are n1any tablel!l 
in which the leading entt•y 1o do finitely fixod (ot'ton at zaro). The method. 
just described is boot adapted to t\1(1!10 O:l.llcB. l1' an end entry ia not fixed 

·in this way, the follow:l.nc method may bG better, Let n be climiniehod ae the 
and ia approaobed as long a,, 211 7' m, The remaining V!llUel!l may than be filled 
in by taking as constant tho tabulllr dUterenoa of order m, 

l9o Com azo:l.aon wit!\ Standal•O. Hotllode·- Nume:rical la. In Table ll ia 
g1ven a ae o o serve va uea a qua er aecon n erva a o ao-oalle4 V angl.ea 
in tbe tlight of' a certain projectile. Theae are angles in degreea at one at .. tion 
to be o0111bined with a similar aet from anotber atation to sive the orientation ot 
the projectile axia. The table al:~o ~ives tabular differences up to the f'itth 
order. The next six tables (12•17) give the results o£ snoothing these values U,r aix 
different methoda, oach likewise accompanied by fiYe orders o£ tabular differences, . 
and by the res1duala. The £ir11t throe o.r these tablea make use o£ a spread of 11 
values (n•5), and the next three of a spread of 25 values (n•l2), In ea~ of these 
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· groups or three the first and second are based on a standard formula or the 
type in common use and referred to in Paragraph 7 as undesirable. In Tables 
12 and 15 the degree is 3; in Tables 13 and 16 the degree is 5. The final 
table in each group (14 and 17) is based on the methods developed in this 
report with the degree m•3. The relative characteristics· or the several 
smoothing methods are summarized in Table 18, To indicate relative 
fidelity standard deviation is recorded for each method, namely the root 
mean square value of all the residuals, To indicate the smoothness obtained, 
the root mean square value or each order or difference is recorded for the 
original values and for each method or smoothing, 

In order to make an unbiased comparison or the different methods the 
same number of values for any particular. kind or quantity is included in the 
mean. Thus there are 73 ob.served values here recorded; but applying an eleven 
point smoothing formula to these gives 63 smoothed values, and a 25 pt. formula 
49 values. Accordingly only 49 values are included in the residuals, !48 in 

.the first differences, h7 in the second, and so on. 

Let us first compare the power or the standard formulas for different 
orders and different spreads, that is the measure of smoothness obtained as 
"indica·~;,J by the dininution in the mean values of the tabular differences. 
In no case is the first order difference greatly diminished, For all higher 
orders, however, the diminution is very notable, Comparison of the different 
values shows that the smoothing power for the same spread is greater for the 
third order than for the fifth, but far the same order it is greater for a 
25 point spread than for an ll point spread, that this difference is always, 
subs.tahtial 11nd for the higher order differences quite noticable. Thus 
increasing the spread increases the power, but increasing the order diminishes 
it. . 

If we turn our attention now to fidelity and look at the residuals, we 
see an entirely different situation. For the same spread the fifth order 
formula gives greater fidelity (i.e. smaller residuals) than the third; but 
for the same order the 11 point spread gives better fidelity than the 25 point, · 

We can combine these remarks as applied to the standard method by saying 
that increasing the spread gives more smoothing but less fidelity,whereas 
increasing the order gives more fidelity but less smoothing. This presents 
something of ·a dilemma, 

If now we turn to the results obtained by the method developed"in this 
report, and compare them with the preceding, we tend to avoid'this dile~na. · 
.The columns marked •"\~el:tgliit.o!d" give the results of the new method for m•3 and· 
'two values of n. It will be seen that.the change to' the new method diminishea. 
both the residuals and the higher. order differences. In.fact.the residuals are 

·diminished· almost as • much. by the change to .the new method with m still 3 as they 
. are by. changing to m-5 with the standard • method. l'he first and second differences 

. ·are di(niriisl}~d little if any; but the third and higher diffe.rences have ·the~,· . 
'means aec1•eased to a small fraction of the old results, the fraction varying from 
· ·omi-half down'< to one.:.nrth 0 When it. is recalled that this impi"ovement in smooth­
ing power• is accompanied by a substantial· imprCDvement in fidelity, also, it would 
appear th.at the ·new fonimlas should replace those commonly used in all cases . 
where the· use or a.smoothing formula is the appropriate procedure. 
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20. Aclmowledgements are due to Mr. Paul Thomas and Mr. H. K •. Sterrett, 
both formerly of the Computing Laboratory. Both have made valuable suggestions. 
Mr. Sterrett has read. the paper in detail and supervised the preparation of 
Tables 11 to 16. 

t. s. Dederick 
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Table 1 

Data Multipliers 

(Exact Values) 
m • 0 

i 
n 1 2 3 4 5 6 7 8 9 10 ·11 

0 4 9 16 25 36 49 64 81 100 121~ '144 169 

+1 3 8 15 24 35 48 63 80 99 120 143 168 -
+2 0 5 12 21 32 45 60 77 96 117 140 165 -
. !} 0 7 . 16 27 40 55 72 91 112 135 160 

,!4 0 9 ·20 33 48 65 84 105 128 153 

,!5 0 11 24 39 56 75 96 119 144 

+6 0 13 28 - 45 64 85 108 133 

,!7 0 15 32 51 72. 95 120 

+8 0 17 .36 57 80 105 

,!9 0 19 40 63 88 

+10 0 21 44 69 -
+ll 0 23 48 

+12 0 25 

Divisor 10 35 84 165 286 455 680 969 1330 1771 . 2300 2925 
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Table 2 
Data Multipliers 

(Exact Values) 
111"'1 
~ 

i 
D 1 2 3 4 5 6 7 8 9 10 11 12 

0 3 12 100 15 147 784 432 675 3025 1452 2028 8281 

!1 2: 10 90 70 140 756 420 66o 2970 1430 2002 81.90 

···+ -2 0 5 63 56 120 675 385 616 2808 1365 1925 7'920 

!3 0 0. 28 36 90 550 330 546 2548 1260 1800 7480 

~ 0 0 15 55 396 260 455 2205 1120 1632 6885 

!s 0 0 22 234 182 350 1800 952 1428 6156 
~-16 0 0 91 105 240 1360 765 . ll97 5.320 

'!7 0 0 40 13o 918 570 950 4lll.O 

!a 0 0 51 513 380 700 3465 

!9 0 0 190 210 462 2530 

!10 0 0 77 253 1656 

!u 0 0 92 900 

!J.2 .o 0 325 

Divisor 7 42 462 429 1001 6188 . 3876 6783. 33649 11no 26910 118755 



• 

Table 3 
Data MUltipliers 

(Exact Values) 
m=2 

i n 2 3 4 5 6 1 8 9 10 11 12 

0 16o 885 805 25676 4032 40860 386595 209935 8506784 580853 538265 

:1:1 84 630 648 22050 3600 37422 360360 198198 8108100 557700 519792 

:!;2 -21 126 288 13050 2475 28182 288288 165438 6981975 491700 466752 

:!;3 0 -126 -24 3300 noo 16ol6 l88552 118482 53256oo 392700 385968 

!4 0 0 -99 -2475 0 4641 65995 67032 3427200 275400 287793 

!5 0 0 0 -2574 ~468 -2730 5040 21420 1610784 156978 184680 
\.» 
.... !6 0 0 0 -325 ~4732 -38080 ..J)996 169515 54150 89316 . .. 

:7 0 0 0 -2652 -41616 -23256 -70ll00 -19950 12936 

:a 0 0 0 -20349 -20349 -951600 -58575 -3n91 

:!:9 0 0 0 -9044 -131500 -63250 -58696 
+ 
-10 0 0 0 -302841 -44022 -55200 

!n 0 0 0 -17250 -35880 

!12 0 0 0 -1.3!~5 

DIVISOR 286 2145 24.31 92378 16796 193154 2042975 1225785 5436n7o 4032015 403201.5 



Table 4 
Data Jofultipliers 

(Exact Values) 
m•3 

i 
n 2 3 4 5 6 7 8 9 .10 ll 12 

0 lll 469 2884 7308 48636 82764 334323 7627477 12739727 1856127 11489296 
+ 56 324 2268 61.60 42768 74844 308308 713.5128 12046320 1769768 11027016 -1 

:!2 -14 54 918 3410 27918 540.54 238238 .5783778 10115820 1526668 9714276 

:!3 0 -60 -132 660 10868 28028 145236 3913728 7360320 1171368 7759752 
• 

'"" 1\) :!:4 0 0 -297 -715 -1287 5733 56056 1979208 4351320 767448 5468067 

!s 0 0 0 -.572 -.5148 -65.52 ..,.6664 4ll2Q4 1674432 383724 .9182652 

!6 0 0 0 0 -2860 -8092 -32844 -515506 :-222870 79002 1220142 

!7 0 0 0 0 -3672 -28424 -767448 -1149120 -llll88 --191268 

!a 0 0 0 0 -1130.5 -549423 -1213245 -182413 -956340 
+ 
-9 0 0 0 0 -198968 --769120 -160908 .. ;;;1128380 .• 
!10 0 0 0 0 -259$76 -9361.0 -888030 

!11 0 0 0 0 -29900 -484380 

:!:12 0 0 0 0 -148005 

Divisor 195 110.5 8398 25194 193154 371450. 1671525 42010995 76608285 12096045 80640300 

.. 



Table 5 
Data Hultipliers 

(Exact Values) 
m•4 

i 
n 

3 4 5 6 7 8 9 10 11 12 

0 5744 51756 216012 239844 4093584 28450851 1518803 9739301 140056384 1105880464 

+ -1 2475 3168o 154440 187200 3378375 24393600 1338480 8760960 127992150 102.'3264000 

~2 -990 . -66o 34320 72540 17o6250 14432880 879840 6205680 95630020 799425000 

!:3 165 -7040 -30745 -16640 123305 3758720 344760 3035520 54041130 497988480 

:!:4 0 2145 -15015 . -32565 -567840 -2813160 -55060 348840 15348960 200016135 

..., '!:5 0 0 9009 -4992 -380562 -3792768 -209304 -±116288 -10264617 -23836032 
..., + 

8840 30940 -1447040 -155040 -1279o80 -19205010 -136422660 -6 0 0 0 
+ 
-7 0 0 0 0 125970 62016o -29070 -656640 -14925735 -143542080 

!:a 0 0 0 0 0 712215 41895 19665 -5282640 -85842900 

'!9 0 0 0 0 0 30590 279680. 2093575 -16596800 

!1o 0 0 0 0 0 157320 3848130 24454980 
+ 0 0 0 1816425 2782oaoo -11 0 0 
+ -12 0 0 0 0 0 11555115 

DIVISOR 9044. 1040o6 520030 668610 1292646o 100180065 5892945 41250615 64264116o 5462449860 



TablAI 6 

Data lllll.Upllaro 

Dooimal. "'-azm.uoaa 
•• 0 

n 1 ~ 3 4 5 6 7 B 9 10 11 12 
1 

o 0.400000000 o.~5714~856 0,190476190 0,151515152 0.1258741~6 0.107692308 0.094117646 0.083591330 0.075187970 o.o68322980 o.o62608696 0.057777778 
!1 0.300000000 o.n85714~ 0.178571429 0.11,5454545 0.1n3776~3 0,1051!94504 0,092647059 0,082$59340 0.074436090 0.0877583~8 o.o62173913 0.057435898 

!2 0.142857143 0.142857143 0.1~7272727 0.111888112 0.098901099 0.088235294 0.079463364 0,072180451 o.o66o6L370 o.o60869565 o.o56410256 

!3 0,083333333 0.096969697 0.094405594 0.087912088 0.080882353 0.074303408 o.068L21053 o.o63241107 0.058695652 0.054700855 

!4 0,054545455 o.o69930070 0,072527473 0,070588235 0,087079463 0.063157895 0.059288538 0,055652174 o:o5230769~ 

!5 0,038461538 0.052747253 0.05735291,1 0,057791538 0,056390977 0,054206663 0.051739130 0.049230769 
!,6 0,023571429 0,041176471 0,0464396~8 o.Ok81203Dl o.oh799S483 0.046956522 o.04Sb70085 

"' !7 0,01~058824 0.033023736 0,038345865 o.04o654997 0.041304348 0,041025641 .... 
.:a 0,017543860 0.027087669 0,03~185208 0,034782609 0.035897436 

!9 O.Ol428571k 0,022586110 0.027391304 0,030085470 
!10 0.011857708 0,019130435 0.023589744 
!11 0,010000000 0.016410256 
!12 o:ooa547009 



Tabl.e 7 

Da\a lllll.tipllara 

Deolaal App!'OJ:111at1ona 

m • 1 
n 

1 1 2 3 4 5 6 7 8 9 10 11 12 

0 0.428571428 0.285714286 0.216450216 0.174825174 0.146853146 0.126696832 0.111455108 0.099513490 0.089898660 0.081987578 0.075362320 0.069731800 

!1 o. 285714286 0.2)1095238 0.194805195 0.163170163 0.139860140 0.122171946 0.108359134 0.097302080 o.088264139 0.080745341 0.074396136 0.068965517 

+2 0.119047619 0.136363636 0.130536131 0.119880120 0.109082094 0.099329206 0.090815273 o.0834k9731 0.077075099 0.071534745 0.066691929 

!3 0. 060606061 0.083916084 0.089910090 0.088881707 0.085139319 0.080495356 0.075722904 0.071146245 0.066889632 0.062966622 

!4 0.034965035 0.054945055 0.063994829 o.067079463 0.067079463 0.065529436 0.063241107 0.060646600 0.057976506 

!5 0.021978022 0.037815126 0.046955624 0.051599587 0.053493417 0.053754941 0.053065775 0.051837817 

:.6 0.014705882 0.027089783 0.035382574 0.040417249 0.043195934 0.044451605 0.044798114 

!7 0.010319917 0.020050125 0.027281643 0.032185206 0.035302861 0.037135279 

""' !B 0.007518797 0.015245624 0.021456804 0.026012635 0.029177719 
t:n 

!9 0.005646527 0.011857708 0.017168339 0.021304366 

:10 0.004347826 0.009401709 0.013944676 

!11 0.003418803 0.007578628 

!12 0.002736727 



"' 0> 

D 
1 2 3 4 s 6 

Table 8 

Data Multipllera 

Decimal Approxi11ations 

m • 2 

7 8 9 10 

o o.559bbOS58 O.bl2SB7412 0.331139445 0.2779bb966 0.2oOOS71S6 0.211541050 0.189231390 0.171265760 0.156469134 
:1 0.293706294 0.293706294 o.2665S6972 0.238693195 0.214336747 0.193741782 0.176389823 0.161690672 0.149135958 
!2 -0.073426573 o.OSB7bl259 0.118469766 o.lb1267401 0.147356513 o.lb59ob3a. O.lb111lB59 0.134964941 o.12Bb22631 
:3 -o.o587b1259 -0.009872480 0.035722791 0.065491784 0.062918293 0.092292857 o.0966SB06o o.0979S6175 
:4 -o.ob0723982 -o.026792093 o.ooooooooo o.o2402746o o.o02093026 o.o5u68b957 o.0630380b3 
:5 -0.027863777 ..().027863777 ..Q.Olbl33800 0.002466991 0.017474$16 0.029627880 

11 12 

O.lb4060228 
0.138317938 
0.121948951. 
0.097395471 
0.066303317 
0.038932891 

!6 -o.Ol934984S -o.02bb98587 -0.018639484 -0.006154774 0.003119070 0.013430010 0.022166584 
:7 -0.013729977 -0.020370293 -D.Ol8972332 -O.Ol289S6SO -o.OOb9b7898 0.003206321 
:S -o.0099601&74 -0.016600791 -0.017613571 -o.Olb527476 -0.009223924 
:9 
!1o 
:11 
+ -12 

• 

-0.007378129 -o.Ol345b811 -0.01S6869b6 -O.Ol45S7486 
-o.OOS$70292 -0.0109lB1lb -0.0136901&25 

-O.OOb2782SB -0.008898776 
-0.003337001 



Table 9 
Data Multipliers 

De.cima.l Approxillll t1ons 

" • 3 

1 2 3 4 $ 6 7 8 9 10 11 12 

0 1,000000000 o,$69230770 o.L2443L390 0.343415098 o.290069o64 o.251799084 o.222813298 0.200010768 0.181$$9066 0.166296986 0.153449082 O.ll!247$860 
!1 0.287179487 0,293212670 0.270064301 0.244$02659 0,22lli1917A 0,20149lll$2 0,184447137 0.169839539 0,15724$6$6 O,l463o9640 0,136743241 
~ -0.071794872 o.oo8868778 0.109311741 0.135349686 o.l44537Sl9 o.ll!552160$ o.ll!2527333 0,137672959 0.132006031 0.126212163 0,120461.284 
!3 -o.o54298643 -o.Ol$718a! 8 o.0261967lll o.0$6265985 0.075455647 0.086888321 0.093159612 0.096077337 0.0968)892$ 0.096226725 
!4 -0.03$365563 -0.028379773 -0.006663077 0,015434110 0,03~53$843 0.047111667 o.0$6799601 o.o63446193 o.o67808118 
!s -0.022703818 -0.026652309 -0.017638982 -0.003986779 0.009789437 o.o21857o62 0.031723096 o.03946726J. 
!6 -0.0148o6838 -0.021784897 -0.019649123 -0,012270786 -0,002909216 O,Oo65~1226 0,01513o673 

"' !7 ...., 
!a 

-0,009885584 -0,017004831 -0,018267789 -o.OJ.ll999944 -0.009192095 -0.002371866 
-0.00676328$ -0.013078076 -0,01$8)699$ -0,015080384 -0.011859331 

~ -0.004736094 -0.010039645 -0.013302530 -0.0139927$$ 
!~o -0.003388)80 -0.007738893 -0,011012236 
:!:n -o.oa!471882 -o.006006674 
!12 -0.001835373 



n 
1 3 

0 o.63Sll7206 
+ 
- 1 0.27)662096 
+ 
- 2 -0.109464839 
• 
- 3 0,018244140 
+ 
- 4 
+ 
- 5 
+ 
- 6 

"' 
+ 

CD - 7 
• 
- 8 
+ 
- 9 
• 
- 10 
• 
-11 
• 
-12 

Table 10 

Data Mul.tipliaro 

Decimal Approximations 

m•l< 
4 5 6 7 8 9 10 11 12 

0,497625138 0.415383728 0.358720330 0.316682528 0.283997132 0.257732424 0,236100748 0,217938708 0,202451372 

0,304597812 0.296982865 0,279983647 0,261353456 0.243497546 0,2271)261) 0.212383743 

-o,oo6345788 o.o65996193 0,106493741 o.131996695 o.144069381 o.149303956 0,150438484 

-o.o676884o3 -o.o59121589 -o.024887453 o.oo9538961 o.o37519640 o.o58S03855 o.o73587267 

o,02062381o -0,028873334 -o.o48705523 -o.o439285oo -o,o28081036 -o.00934677o o,oo84566o1 

o.o17324001 -o.oo7466236 -o.029440543 -o.o37859S08 -o.o3~517725 -o,027061124 

0,199165813 0,187326938 

0.149119020 0.146349170 

0,064092233 0.091165776 

0,023864184 0.036616562 

-0,015972548 -o.oo4363616 

0,013221459 0,002393540 -0,014444391 -0,026309426 -0,031007538 -0,029864500 -0,024974629 

o.oo9745127 o.oo6190453 -o.oo4933017 -o.o159183o8 -o,o23225613 -o.o26277968 

0,007109349 0,007109349 0,000476720 -0,008220202 -0,015715092 

0,005190953 0,006780o20 0,003257767 -0.003038344 

0,003813761 0.005987992 0.004476925 

o.oo28265oo o.oo5093099 

0,002115493 



TABLE 11 .. 
OBSERVED VALUES 

ITEM V-Ang1e 
NUMBER (Degrees) DIFFERENCES 

' A 
I. A" A"' A'" b"' 

. 

1 14. 1 
z 13.0 -1. 1 
3 1Z. 6 -0.4 o. 7 
4 1 z. 0 -0.6 -o.z -0.9 
5 10.8 -1. ·Z -0.6 -0.4 0.5 
6 9.7 -1.1 o. 1 0.7 l.1 0.6 
7 8.0 -1. 7 -0.6 -0.7 -1.4 -Z,5 
8 7.7 -9.3 1.4 z.o Z.7 4. 1 
9 7.6 -0. 1 o.z -1. z ·3.Z -5.9 
10 7. 1 -0.5 -0.4 -0.6 p.6 3.8 
11 7. 1 0.0 0.5 0.9 1.5 0.9 
1Z. 7.6 . . r- 0. 5 1- 0.5 ·- o. 0 '. -0.9 -Z.4 

-- t3 .-·--- -r. '!t--- -- -=o.r- -:cr.~-- ~ .. :r.1-- .,. -:r., .... -- :o. }-- -..... -
14 . 8.3 0.8 0.9 1.5 Z.6 3.7 
15 9.0 0.7 -0. 1 ...-1.0 -Z.5 -5. 1 
16 10.7 1.7 1.0 1.1 z. 1 4,6 
17 

. 
11. 1 0.4 -1.3 -Z.3 -3.4 -5.5 

18 11.8 0.7 0.3 1. 6 . 3.9 7.3 
19 13:61:. 1.8 1.1 0.8 -0.8 -4.7 
zo 13. 5 -0.1 -1. 9 -3.0 -3.8 -3.0 
Zl. 1.4.8 1.3 1.4 3. 3 6.3 10. 1 
zz 14.4 -0.4 -1. 7 -3. 1 -6.4 -1Z.7 
Z3 15.3 0.9 1.3 3;0 6. 1 1 z. 5 

· Z4 15.6. 0.3 -0,6 -1. 9 -4.9 -11.0 
Z5 15. z -0.4 -0.7 -o. 1 1.8 6.7 

.Z6 14.Z -I. 0 -0.6 . 0. 1 o.z -1. 6 
Z7 13. 9 -0.3 0. 7 1.3 1. z. 1.0 
Z8 14. 1 o.z 0.5 -o.z -1.5 -Z.7 
Z9 l3.Z -0.9 -1.1 -1.6 -1.4 0.1 
30 1Z~O -1.Z ;;;o. 3 · 0.8 Z.4 3.8 
31 ·. 10. z -1. 8 -0.6 -0.3 -1. 1 -3.5 
3Z 9.6 -0.6 1. z 1.8 z. 1 3. z 
33 8. z -1.4 -0.8 -Z.O -3.8 -5.9 
34 6.6 -1.6 -0. z 0.6 Z.6 6.4 
35 5, 1 -1. 5 0. 1 0.3 -0.3 -Z.9 
36 3.9 -1. z 0.3 o. z -0.1 o.z 
.37 3.5 ~0.4 0.8 0.5 o. 3'' 0.4 
38 3.Z -0.3 o. 1 -0.7 -1. z -1. 5 
39 3.Z 0.0 0. 3 0. z 0.9 z. 1 
40 z. 9. -0.3 -0.3 -0.6 -0.8 -1. 7 
41 z. 1 -0.8 -o.5 -0. z 0.4 l.Z 
4Z z.z 0. 1 0.9 1.4 1.6 l.Z 

39 



ITEM V-Angle 
NUMBER (degrees) 

43 Z.6 
'• 

44 3.3 
45 4.Z 
46 5.4 
47 7.6 
48 8.5 
49 10.5 
50 10. 5 
51 11. 5 
5Z lZ. 7 
53 13. z 
54 13.9 
55 13. 7 
56 l3.Z 
57 1 z. 7 
58 11. 1 
59 10.4 
60 8.9 
61 7.5 ' .- -.. ----...... -----... -
6Z 6.0 
63 3.9 
64 3. 1 
65 z.o 
66 1.1 
67 1.3 
68 -1. 1 
69 -z. o 
70 -1. l 
71 -1. 1 
7Z -0.4 
73 z. 1 

TABLE 11 
OBSERVED VALUES 

Differences 

A' ~~ ' 61'' b.'' 
0.4 0.3 -0.6 -z.o 
0.7 0.3 0.0 0.6 
0.9 o. z -o. 1 -0.1 
l.Z 0.3 o. 1 o.z 
z.~ 1.0 ' 0.7 0,6 
0.9 -1.3 -Z.3 -3.0 
z.o 1.1 Z.4 4.7 
0.0 -z.o -3. 1 -5.5 
1.0 1.0 3.0 6. 1 
l.Z 0. z, -0.8 -3.8 
0.5 -0.7 -0.9 -o.1 
0~7 o.z 0.9 1.8 

-o.z -0.9 -1. 1 -z. o 
-0.5 ;..o;;3 0.6 1.7 
-0.5 0.0 0.3 -0.3 
-1.6 -1. 1 -1. 1 -1.4 
-0.7 -0.9 z.o 3. 1 
-1. 5 -o. s -1. 7 -3.7 

~ .. :t·~-~ 0.1 0.9 .. ""'-~·§ ...... ---- """ ... 
_,.. ____ """ 

-1. 5 -0.1 -o.z -1. 1 
-Z. 1 -0.6 -o.5 -0.3 
-0.8 1.3 1.9 Z.4 
~1. 1 -0.3 -1.6 -.3. 5 
-0.9 "o.-.z 0.5 z. 1 
o.z 1.1 0.9 0.4 

-Z. 4 -1.6 -3.7 -4.6 
-0.9 1.5 4. 1 7,8 
0.9 1. 8. 0.3 -3.8 
o.o -0.9 -z. 1 -3.0 
0.7 0.7 1.6 4.3 
z. 5 1.8 1.1 -o.5 

40 

A" 
-3.6 

Z.6 
-o. 1 
0.3 
0.4 

-3.6 
7.7 

-ro.z 
11.6 
-9.9 
3.7 
1.9 

.;3.8 
3. 7 

-z.o 
-L 1 
.4. 5 ' 
-6. 8' 

' 6.3 ....... "'" ................ 
-3.7 
0.8 
z. 7 

-5.9 
5.6 

-1. 7 
-5.o 
lZ. 4 

-11.6 
0.8 
7. 3 

-4.8 



• 

ITEM 

1 
z. 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 

TABLE 12 
ADJt:JSTED VALUES 

(STANDARD METHOD· 3rd. DEGREE· 11 VALUE SPREAD) 

Original Adjusted Residuii!.l Differences for Adj~sted Values Value Value (Degrees) (Degrees) (Degrees) b. !:{{' /.::.IV i:/ 

14. 1 
13. a 
1 z. 6 
1 z. e 
10. 8 

9. 7 9.33 0.37 
8.0 8.67 -0.67 -0.66 
7.7 7.91 -0.21 -0. 76 -0. 10 
7:6 7.36 o. 24 -0.55 0. Zl 0.31 
7. 1 7.12 -o.oz -0.24 0.31 0.10 -0.21 
7. 1 7.07 o. 03 . -o.o5 0. 19 -o. 12 -o.zz 
7.6 7.40 o.zo 0.33 0.31 

D.'~ 

-0.01 

~~------~1-----~l~----=~l~-- - ·o.44-
,. 0.38 

·o.1 r- - 0. 19 
:o.-z'7- --er-r;· - .4 

r- 0. 53 
:Q'. "'~'-

14 8.3 8.38 -0.08 0.54 0.10 -0.01 0. 26 o. 7Z 
15 9.0 9.27 -0. 27 0.89 0.35 . 0. 25 o. 26 0.00 
16 10.7 10.].6 0.54 

I 
0.89 0.00 .o0.35 -0.60 -0.86 

17 11. 1 11. zo -o. 10 1. 04 0. 15 0.15 0.50 1. 10 
18 11.8 1 z. 18 -0. 38 0.98 -0.06 -0. Zl -0. 36 -0.86 
19 13.6 13.02 0.58 "0.84 -0. 14 -0.08 0. 13 0.49 
zo 13. 5 13. 80 -0.30 0. 78 -0.06 o:o8 0.16 0.03 
21 14.8 14.45 0.35 0.65 -0. 13 -0.07 -o. 15 -0.31 
zz 14.4 14.96 -o. 56 0. 51 -0.14 -0.01 0.06 0.21 
23 15. 3 15. l.Z 0. 18 o. 16 -0.35 -0.21 -o.zo -o. z6 
24 15.6 15.08 0.52 -0.04 -o.zo 0.15 0.36 0.56 
25 15. z. 15.05 0.15 -0.03 0.01 0.21 0.06 -0.30 
26 14 .. 2 14.80 -0.60 -o.z5 -o.zz -0. 23 -0.44 -0.50 
27 13. 9 14.34 -0.44 -0.46 -0.21 0.01 0.24 0.68 
28. 14. 1 13.61 0.49 -o. 73 -0.27 -0.06 ~0.07 -0. 31 
29 13.2 12.79 0.41 -0.82 -0.09 o. 18 0.24 0.31 
30 12.0 . 11.88 o. 1 z -0.91 -0.09 o.oo· -0.18 -0.42 
31 10. 2 10.79 -0.59 -1. 09 -0. 18 ·O,b9 -0.09 0.09 
32 9.6 9.38 0. 22 -1.41 -0.32 -0. 14 . -o. o5 · 0.04 
33 8.2 7.86 0.34 -1. 52 -0. 11 · 0. 21 0.35 0.40 
34 6.6 . 6.49 0. 11 -1. 37 o. 15 0.26 0.05 . -0. 30 
35 5. 1 5. 34. -0.24 -1. 15 0. zz 0.07 -0~19 -0.24 
36 .. 3; 9· 4 . .47 -0.57 -0.87 0.28 0.06 -0.01 0. 18 
37 3.5 3.65 -0.15 -0.82 0.05 -0.23 -0. 29 -0.28 
38 3.2 3.09 o. 11 -0.56 0.26 0. Zl 0.44 0.73 
39 3. z z. 7Z 0.48 -0.37 0. 19 -0.07 -0.28 -0. 7Z 
40 2.9 z. 50. 0.40 -0. zz 0.15 -0.04 0.03 0.31 
41 z. 1 2.41 -0.31 -0.09 o. 13 -0.02 o.oz -0.01 
42 z.z 2.38 -0.18 -0.03 0.06 -0.07 -0.05 -0.07 
43 2.6 z. 7Z -0.12 0.34 0.37 o. 31 0.38 0.43 
44 3.3 3.32 -o.oz 0.60 0. 26 -o. 11 -0.42 -0.80 
45 . 4.2 4.45 -o.z5 1. 13 0.53 0. 27 0.38 0.80 



TABLE lZ_ 
ADJUSTED VALUES 

(STANDARD METHOD - 3rd. DEGREE- 11 VALUE SPREAD) 

ITEM Original Adjusted Residual Differences for Adjusted Values Value Value (Degrees) (Degrees) (Degree&) I II tX'' D. I'/ ~::," £::,. f:, 

46 5.4 5.80 -0.40 1. 35 o.zz -0.31 -0.58 -0.9 
47 7.6 7. lZ 0.48 1.3Z -0.03 -o.zs 0.06 : o. 6 
48 8.5 8.48 o.oz 1. 36 0.04 0.07 0.3Z o.z 
49 10.5 9. 75 0.75 1. Z7 -0.09 -0.13 -o.zo -o.s 
so 10.5 10.93 -0.43 1. 18 -0.09 0.00 0.13 0.3 
51 11. 5 11. 9Z _ -0.4Z 0.99 -0.19- -o. 10 -0.10 -o.z 
sz lZ. 7 lZ. 6Z 0.08 0.70 -0. Z9 -0. 10 0.00 0. 1 
53 13. z . 13. Z7 -0.07 0.65 -o.os 0. Z4 0.34 0. 3 
54 13. 9 13.50 0.40 O.Z3 -0.4Z -0.37 -0.61 -0.9 
55 13. 7 13.59 o. 11 0.09 -0.14 O.Z8 0.65 l.Z 
56 13. z 13. Zl -0.01 -0.38 -0.47 -0.33 -0.61 -1. z 
57 1 z. 7 1Z.47 O.Z3 -o. 74 -0.36 0. 11- 0.44 1.0 
58 11. 1 11.54 -0.44 -0.93 -0.19 0.17 0.06 -0.3 
59 10.4 10. Z3 0.17 -1.31 -0.38 -o. 19 -0.36 -0.4 
60 8.9 8.83 0.07 -1.40 -0.09 O.Z9 0.48 0.8 
6]. - - - - - - 7. . ..,5_ -- - - 7. . ..3~--- - .O..J.6-- - - :l.AS- :O. . .D9- r .Q. . .PO. - :Q..)9- r :O..J 
6Z 6.o· 5.76 o.Z4 -1.58 -0.09 0.00 0.00 o.z 
63 3.9 4.55 -0.65 -1. Zl 0.37 0.46 0.46 0.4 
64 3. 1 3.30 -o.zo -1. zs -0.04 -0.41 -0.87 -1.3 
65 z. 0 z.os -0.05 -1. zs 0.00 0.04 0.45 1.3 
66 1.1 0.96 0.14 -1. 09 0.16 0. 16 0. lZ -0.3 
67 1.3 0.06 1. Z4 -0.90 0.19 0.03 -0.13 -o.z 
68 -1. 1 -o.n -0.38 -0. 78 0. lZ -0.07 -0.10 0.0 
69 -z.o 
70 ---1. 1 
71 -1. 1 
7Z -0.4 
73 z. 1 

6 
4 
6 
z 
3 
3 
0 
4 
5 
6 
6 
5 
8 
z 
4 
L. 
9 
6 
3 
z 
3 
5 
3 



TABLE 13 
ADJUSTED VALUES 

(STANDARD METHOD- 5th DEGREE- 11 VALUE SPREAD) 

ITEM Original 
Value 

(Degrees) 

1 14. 1 
z 13.0 
3 1 z. 6 
4 1z.e 
5 10. 8 

Adjusted 
Value 

(Degrees) 
Residual 
(Degrees) 

6 9. 7 9.56 0.14 
7 8.0 8.46 -0.46 
8 7.7 7.65 0.05 
9 7.6 7.31 O.Z9 
10 7.1 7.ZO •0.10 
11 7.1 7.Z9 -0.19 
1Z 7.6 7.Z6 0.34 
rJ·---~~------~~a-·--=~1a--
14 8,3 8.4Z -0. lZ 
15 9.0 8.9Z 0.08 
16 10.7 10.Z1 0.49 
17 11.1 ll.Z3 -0.13 
18 11.8 1Z.Z5 -0.45 
19 13.6 13.10 0.50 
zo 13.5 13.75 -o.z5 
Z1 14.8 14.43 0.37 
zz 14.4 14.94 -0.54 
Z3 15.3 15.Z4 0.06 
Z4 15.6 15.Z9 0.31 
Z5 15.Z 14.95 O.Z7 
Z6 14.Z 14.64 -0.44 
Z7 13.9 14.Zl -0.31 
zs 14.1 13.70 0.40 
Z9 13. Z 1Z. 99 0. Z1 
30 lZ.O 1Z.01 -0.01 
31 1o.z 10. 7Z -o.5Z 
3Z 9.6 9.36 O.Z4 
33 s.z 8.01 0.19 
34 6.6 6.58 o.oz 
35 5. 1 5. 19 -0. 09 
36 3,9 4.0Z -O.lZ 
37 3.5 3.51 -0.01 
38 3.Z 3.Z5 -0.05 
39 3.Z 3.0Z 0,18 
40 Z.9 Z.70 O.ZO 
41 z. 1 z. 3 7 -0. z 7 
4Z Z.Z Z.31 -0.11 
43 Z.6 Z.45 0.15 
44 3.3 3.ZZ 0.08 

Difference for Adjusted Values 

I), I /.::,.II/ 

-1. 10 
-o. s1 n. Z9 
-0.34 0.47 0.18 
-0.11 O.Z3 -O.Z4 -0.4Z 

o. 09 o. zo -o. 03 o, Zl o. 63 
-o. o3 -o. 1z -o. 3Z -o. Z9 -o. 5o 
-~1§---~~y--~-~~~-~-~l~-~--~,i-

0. 78 o. 40 -o. 01 -o. 54 -1. 39 
o.5o -o.zs -o.6s -0.67 ~0.13 
1. Z9 0. 79 1. 07 1. 75 Z. 4Z 
l.OZ ·0.Z7 -1.06 -Z.'13 -3.88 
1. OZ 0. 00 0. Z7 1. 33 3. 46 
0. 85 -0. 17 -0. 17 -0;-·44 ' -1. 77 

· o-;65 -o. zo -o. o3 ·~o: 14 o. 58 
0.68 0.03 O.Z3 O.Z6 O.lZ 
0. 51 -0. 17 -0. zo -0. 43 -0. 69 
o. 30 -o. zt -o. 04 o. 16 o. 59 
o. o5 -o. Z5 -o. 04 o. oo -o. 16 

-o. 34 -o. 39 -o. 14 -o. 10 -o. 10 
-0.31 ··0,•03 0.4Z 0.56 0.66 
-0.43 -O.lZ -0.15 -0.57 -1.13 
-o. 51 -o. os o. 04 : .o. 19 o. '16 
-0. 71 -0. zo -0. 1 z -0. 16 -0. 35 
-o. 98 -o. Z7 -o. 01 -o. o5 o. zt 
-l.Z9 -0.31 -o.o4 o.o3 -o.oz 
-1. 36 -0.07 0. Z4 0. ZS O. Z5 
-1. 35 o. 01 o. os -o. 16 -o. 44 
-1. 43 -o. os -o. 09 -o. 17 -o. 01 
-1.39 0. 04 0.1Z 0. Zl 0. 38 
-1.17 o.zz 0.18 0.06 -0.15 
-0.51 0.66 .0.44 O.Z6 O.ZO 
-o. Z6 o. Z5 -o. 41 -o.ss. -1. 11 
-0. Z3 0. 03 -0. ZZ 0.19 1. 04 
-o. 3Z -o. 09 -o. tz o.to -o. 09 
-o. 33 -o. 01 o. os o. zo o. 10 
-0. 06 0. Z7 0. ZS 0. ZO 0. 00 
0.14 o.zo -0.07 -0.35 -0.55 
0, 77 0, 63 0, 43 I 0, 50 0, 85 

43 
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TABLE 13 
ADJUSTED VALUES 

(STANDARD M:STHCD ~5th DEGREE~ 11 VALUE SPREAD) 

ITEM Gri::;inal Adju.~ted Residual Differences for Adjusted Values Values Value (Degreee;) 
(Decrees) (I:'egrees) I L~.'' d" 6'" £'>." 6. 

~~5 1.Z 4.Z5 ~o.o5 l. 03 O.Z6 ~0.37 ~0.80 -1. 30 
·i6 5.4 5.68 ~o.zs 1. 43 0.40 0.14 0.51 l. 31 
,17 7.6 7.30 0.30 l. 6Z 0. 19 -0. Zl -0.35 -0.86 
49 8.5 8.74 ~O.Z4 1. 44 -0. 18 -0.37 -0. 16 0. 19 
49 10.5 9.96 . 0. 54 1. zz ~o. zz -0.04 .,o. 33 0.49 
50 10.5 10.86 -0.36 0.90 -0.3Z ~0.10 -0.06 ~0.39 

51 11. 5 11.66 -0. 16 0.80 -o. 10 -o. zz 0.3Z 0.38 
sz 1Z.7 1 z. 57 0. 13 0. 91 0.11 0. Zl ~0.01 -0.33 
53 l3.Z 13. zo 0.00 0.63 ~o.zs -0.39 -0.60 ~0.59 
54 13.9 13.83 0.07 0.63 0.00 o.zs 0.67 l. Z7 
55 13.7 13.73 -0.03 ~0.10 ~0.73 -0.73 -1.01 ~l. 68 
56 13.Z 13.Z6 ~0.06 -0.47 -0.37 0.36 1. 09 z. 10 
57 1 z. 7 lZ. 48 o.zz -o. 7s ~0.31 0.06 -0.30 -1. 39 
58 11. 1 . 11. 39 ~O.Z9 ~1. 09 -0.31 0.00 ~0.06 O.Z4 
59 10.4 10.31 0.09 ~1.08 0.01 0;3Z 0.3Z 0.38 
60 8.9 8.93 -0.03 -1. 38 ~0.30 ~0.31 -0.63 ~0.95 
61 7.5 7.39 0.11 ~1. 54 ~o. 16 .. .... '!.·1~ .. 0.45 1. 08 ------ .. --------------------~ ----- ............. ......... -- -.- ..... - ... -
6Z 6.0 5.89 0. 11 -1. 50 0.04 o.zo 0.06 ~0.39 

63 3.9 4. 13 ~O.Z3 -1. 76 -O.Z6 ~0.30 ~o.5o ~o. 56 
64 3. 1 3.01 0.09 -1. lZ 0.64 0.90 1. zo 1. 70 
65 z.o z.zo ~o.zo ~0.81 0.31 ~0.33 ~1. Z3 ~Z.43 
66 1.1 l.Z8 . -0. 18 -0.9Z -0. 11 -o. 4Z -o:.o9 1. 14 
67 1.3 0.33 0.97 -0.95 -0.03 0.08 0.50 0. 59 
68 -1. 1 ~o. 79 ~0.31 -1. 12 -0.17 0. 14 -o.zz ~o. n 
69 -Z. 0 
70 -1. 1 
71 -1. 1 
n -0.4 
73 z. 1 

44 
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·· ·· . · ·TABLE 14 
(WEIGHTED METHOD • 3rd DEGREE~ 11 VALUE SPREAD 

ITEM. Original 
'Value 

Adjusted 
1 Va ue Residual 'ff D1 d' erence for A JU&te d v 1 a ues 

.(Degrees), . (Degrees) (Degrees 
A.' t..• ·. ~::t.''l A.'~ 

1 14; 1 
2 13. 0 
3 12. 6 
4 lZ.O 
5 . 10.8 
6 9.7 9.55 0.15 
7 8.0 8. 54 . ·~o. 54 ~1. 01 
8 7. 7 7. 78 ~o.08 '"0.76 O.Z5 
9 7.6 7.34 o. 26. ~e.44 0.32 0.07 
10 7. 1 7. 17 -0.(}7 -o. 11 0.27 -o.o5 -o:12 
11 7.1 7.17 -0.07 0.00 0.17 -0.10 -0.05 
1 2 7. 6 7. 34 . 0. 26 • 0.17 0.17 • 0. 00 0.10 
I!~---~1~---~~~,a--~-=~1a~- ·cr. 45 ~ '"6'.1~ .. - ·o-.'bli- - "O'.'bli-
14 8.3 8.38 -o.o8· 0.64 0.24 0.01 -o.o5 
15 9.0 9.23 · ~.o. 23 . 0. 85 0. 21 ~0.03 -0;04 
16 10.7 .10. 20 0.50 0.97 0.12 ~0.09 -0.06 
17 11. 1 11.22 -o. 12 1. 02 0.05 -0.07 0.02 
18 11.8 12. 20 ~0.40 0.98 ~0.04 -0.09 -0.02 
19 13.6 13.06 8.54 0.86 -o. 12 -0.08 0.01 
20 13.5 13;80 ~o. 30 0;74 -0.12 0.00 0.08 
21 14.8 14.43 0.37 0.63 ~o. 11 0.01 o;o1 
22 14.4 14.92 ~o.52 0.49 -0.14 -o. o3 · ~0.04 
23 15.3 15!.19 0. 11 0.27 ~0.22 -0.08 ~o.o5 
24 15.6 15. 21 . 0.39 0.02 -0.25 -0.03 : :0.05 
25 15.2 15.02 ':o. 18 -0.19 -0. 21 0,04 0.07 
26 14.2 14.68 •0.48 -0.34 ~0.15 'o. 06 0.02 
27 13.9 14.25 ~0.35 ~0.43 ~0.09 0,06 0.00 
28 14. 1 13.68 0.42 ~0.57 -0.14 ~o.o5 ~O.ll 

29 13. 2 12.93 0.27 -0.75 -o. 18 ~0.04 0.01 
30 12.0 11.94 0.06 -0.99 -0. 24 ~o.o6 -0.02 
31 10.2 10.73 -0.53 -1. 21 -0.22 0.02 O.Q8 
32 9.6 9.37 o. 23 -1.36 ~o. 15 0.07 0,05 
33 8. 2 7.96 0.24 -1.41 -o.o5 0.10 . 0. 03• 
34 6.6 6.55 0.05 ·1. 41 o.oo 0,05 . -o. o5 
35 5. 1 5.25 -o. 15 -1. 30 II. 11 0. 11 0. 06:' 
36 3.9 4.23 -0.33 -1.02 0.28 0.17 0.06 
37 3.5 3.56 -0.06 -0.67 0.35 0.07 -0.10 
38 3. 2 . 3. 18 o:o2 -0.38· 0.29 -0.06 -0.13 
39 3. 2 2'. 89. 0.,31 -0.29 .o. 09 -o.2o -0.14 
40 2.9 2.61 0 .. 29 -0.28 0.01 -0.08 0.12. 
41 2. 1 2.38 -0.28 -0.23 0.05 0.04 0.12 
42 2. 2 2.32 -o. 12 -0.06 0.17 0. 12 0.08 
43 2.6 2.60 o.oo 0.28 0.34 0. u 0.05 
44 3.3 3.27 0.03 0.67 0. 39 .. 0.05 ~0.12 
45 . 4 .. 2 4.34 -0.14 l. 07 0.40 0.01 -0.04 
46 5,4 5,72 -0.32 1.38 0.31 -0.09 -0.10 

~>/ 

0.0 
0. 1 

~ ·o- 1l 
. - . 

7 
5 a 

~o. 11 
0.01 

-o.o 
0.0 

~o.o 

2 
8 
4 

0.03 
0.07 

~0.07 
~o.o5 
~0,01 

0. 10 
0.02 

~o.o5 
~o.o2 
~o. 11 

0. 12 
-0.03 

o. 10 
-0.03 
~o.o2 

-0.08 
o. 11 
0.00 

-o. 16 
-0.03 
-o. 01 

0. 26 
0.00 
~0.04 
;,o.o3 
-0.17 

0.08 
-0.06 



TABLE 14 
WEIGHTED METHOD - 3rd DEGREE - 11 VALUE SPREAD 

Ill' EM Original Adjusted Differences for Adjusted Values Value Value Residual 
(Degrees) (Degrees) (Degrees) ~::.' 6.' b/'' t:.'v A" 

47 7. 6 7.ZZ 0~ 38 1. 50 0. 1 z -0.19 -0.10 o.oo 
48 8,5 8.64 -0.14 1. 4Z -0.08 -o.zo -0.01 0.09 
49 10.5 9.87 0.63 1. Z3 -o. 19 -o. 11 0.09 0.10 
50 10.5 . 10. 88 -0.38 1. 01 -o.zz -0.03 0.08 -0.01 
51 11.5 . 11.78 ·-O.Z8 0.90 -o. 11 0. 11 0.14 0.06 
5Z 1 z. 7 lZ. 58 o. 1 z 0.80 -o. 10 0.01 -0.10 -O.Z4 
53 13.Z 13. Z6 -0.06 0.68 ·O.lZ -o.oz -0.03 0. 07 
54 13.9 13.66 0. Z4 0.40 -O.Z8 -0.16 -o. 14 -0.11 
55 13.7 13.67 0.03 0.01 -0.39 -o. 11 0.05 8.19 
56 13. z l3.Z4 -0.04 -0.43 -0.44 -0.05 0.06 0.01 
57 lZ. 7 lZ. 47 0. Z3 -0.77 -0.34 o. 10 0.15 0.09 
58 . 11. 1 11.46 -0.36 -1.01 -o. Z4 0.10 . 0. 00 -0.15 
59 10.4 10. Z6 0.14 -1. zo -0.19 0.05 -0.05 -0.05 
60 8.9 8.89 0.01 -1.37 -0. 17 0.01 -0.03 o.oz 
61 7.5 · 7.38 O.lZ -1. 51 -0.14 0.03 0.01 0.04 
gz----~~,-----~lr·----~,~---- :r.-s'7- r :If. oli- --lf.ou· --lf.o!;- --lf.o:t·· 
63 3.9 4.34 -0.44 -1.47 0.10 0.16 0.08 :o. o3 
64 . 3. 1 3.1Z -o.oz -1. zz O.Z5 0.15 -0.01 -0.09 
65 z.o z. 11 -o. 11 -1,01 0. Zl -0.04 -0.19 -0.18 
66 1.1 1. 16 -0.06 r-0.95 0.06· -0.15 -o. n 0,08 
67 1.3 0.11 1. 08 i'-0.94 0.01 -o.o5 0.10 0. Zl 
68 -1. 1 . -0.68 -0.4Z 1-0.90 0.04 0.03 0.08 -o.oz 
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TABLE 15 
(STANDARD METHOD· 3rd DEGREE- Z5 VALUE SPREAD) 

ITEM Original Adjusted Residual Difference for Adjusted Values 
Value Value (Degrees) 

(Degrees) {'Degrees) .A 
N {.:{" tSv Av J:::. 

• 
1 14. 1 
z l3.jl 
3 lZ. 6 
4 1 z. 0 
5 10.8 
6 9.7 
7 8.0 
8 7.7 
9 7.6 
10 7.1 
11 7. 1 
lZ 7.6 

----------------------·----· .... .,..":'" -·--...- ~ ............ ~-- .. - ., .......... 
13 7.5 8.49 -0.99 
14 8.3 ·9.00 -o. 10 0.51 
15 9.0 9.60 -0.60 0.60 0.09 
16 10.7 10. Z7 0.43 0.67 0.07 -o.oz 
17 11. 1 11. 04 0.06 0. 77 0.10 0.03 0.05 
18 11.8 11.85 -0.05 0.81 0.04 -0.06 -9.09 -o. 14 
19 13.6 iZ.66 0.94 0.81 0.00 -0.04 o.oz o. 11 
zo 13.5 13. 3Z 0. 18 0.66 -0.15 -0.15 -o. 11 -0. 13 
Zl 14.8 13.90 e.9o o. 58 -0.08 0.07 o.zz 0.33 
zz 14.4 14.37 0.03 0.47 -0. 11 -0.03 -0.10 -0.3Z 
Z3 15. 3 14.68 0.6Z 0.31 -0.16 -o.o5 -o.oz 0.08 
Z4 15.6 14.80 0.80 O.lZ -0.19 -0.03 o.oz 0.04 
Z5 15.Z 14. 70 0.50 -o. 10 -O.ZZ -0.03 0.0() -o.oz 
Z6 14.Z 14.34 -0.14 .o0.36 -0. Z6 -0.04 -0.01 -0.01 
Z7 13.9 13. 77 0.13 -0.57 -0. Zl 0.05 0.09 0. 10 
Z8 14. 1 13.04 1. 06 -0.73 -0. 16 0.05 0.00 -0.09 
Z9 13. z 1Z.Z5 0.95 -0.79 -0.06 0. 10 0.05 0.05 
30 1 z. 0 11. 31 0.69 -0.94 -0.15 -0.09 -0>. 19 -O.Z4 
31 lO.Z lO.Z6 -0.06 -1. 05 -o. 11 0.04 0. 13 0.3Z 
3Z 9.6 9. zo 0.40 -1.06 -0.01 0.10 0.06 -0.07 
33 8. z 8.07 0.13 . -1. 13 -0.07 -0.06 -o. 16 -o. zz 
34 6.6 6.99 -0.39 -1. 08 0.05 O.lZ 0. 18. 0.34 
35 5. 1 5.86 -0.76 -1. 13 -0.05 -o. 10 -o.zz -0.40 
36 3.9 4. 91 -1.01 -0.95 0. 18 O.Z3 0.33 0.55 
37 3.5 4.09 -0.59 -o.sz 0.13 -0.05 -O.Z8 -0.61 
38 3. z 3. 51 -0.31 -0.58 O.Z4 0. 11 0.16 0.44 
39 3.Z 3.08 0. lZ -0.43 0. 15 ·0.09 -o.zo -0.36 
40 Z.9 Z.84 0.06 ,.O.Z4 0. 19 0.04 0. 13 0.33 
41 z. 1 Z.90 -0.80 0.06 0.30 0. 11 0.07 -0.06 
4Z z.z 3. 18 -0.98 o.zs o.zz -0.08 -0. 19 ·O.Z6 
43 Z.6 3.69 -~.09 0.51 0. Z3 0.01 0.09 0. Z8 
44 3.3 4.37 -1.07 0.68 0.17 -0.06 -0.07 -o. 16 
45 4.Z 5.Z5 -1.05 0.88 o.zo 0.03 0.09 0. 16 
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TABLE 15 
(STANDARD METHOD - 3rd. DEGREE- Z5 VALUE SPREAD) 

ITEM Original Adjusted Differences for Adjusted Values Value Value Residual 
(Degrees) (Degrees) (Degrees) A' t.," A'" A'" ~:"' 

46 5.4 6. Z9 -0.89 1. 04 0. 16 -0.04 -0.07 -0. 16 
47 7.6 7.35 O.Z5 1. 06 o.oz -0. 14 ~0.10 -0.03 
48 8.5 8.41 0.09 1. 06 0.00 ~o.oz 0.1 z O.ZZ· 
49 10. 5 9.41 1. 09 1. 00 -0.06 -0.06 -0.04 -0. 16 
50 10.5 10.35 0. 15 0.94 -0.06 0.00 0.06 0. 10 
51 11. 5 11. zz O.ZB 0.87 -0.07 -0.01 -0.01 -0.07 
5Z 1 z. 7 11. 90 . 0. 80 O.GB -0.19 ~o. IZ ~o. 11 -0. 10 
53 13. z 1 z. 38 O.BZ 0.48 -o.zo ~0.01 0. 11 0. zz 
54 13.9 lZ. 57 1. 33 0. 19 -O.Z9 -0.09 -0.08 -o. 19 
55 13. 7 lZ. 45 1. Z5 -o. IZ -0.31 -'O.OZ 0.07 0. 15 
56 13. z 1 z. 19 1. 01 ~o. Z6 -0. 14 0. 17 0. 19 0. 1 z 
57 1 z. 7 11.67 1. 03 -0.5Z -O.Z6 -0. lZ -O.Z9 -0.48 
58 11. 1 10.84 0. Z6 -0.83 -0.31 -0.05 +0.07 0.36 
59 10.4 9.8Z 0.58 -1. oz -0.19 0. 1 z 0. 17 0.10 
60 8.9 8.68 0. zz -1. 14 -0. lZ 0.07 -0.05 -o.zz 
2t .... --!·J .. - ----!-}~--- ..... '!.·11 .... --. -1. 35 -O.Zl -0.09 -o. 16 ~o. 11 - .... ""' ...... ... ...... ... - -... -- .. _____ .. -- ....... 
6Z 6.0 
63 3.9 
64 3. 1 
65 z.o 
66 1.1 
67 1.3 
68 -1. 1 
69 -z. o 
70 -1. 1 
71 ~1. 1 
7Z -0.4 
73 z. 1 



TABLE 16 
(STANDARD METHOD~ 5th DEGREE~ 25 VALUE SPREAD) 

ITEM Original Adjusted Differences for Adjusted Values Value Value Residual 
(Degrees) (Degrees) (Degrees) L.' I L" I ,.. .. l l·.!l I 6" '' 

1 14. 1 
2 13.0 
3 12.6 
4 12.0 
5 10.8 
6 9.7 
7 8.0 
8 7.7 
9 7.6 
10 7. 1 
11 7. 1 
12 7.6 r :r ~ ~ - --r. ~- ~ - - - - -,.1111 - .. - ~ :0'. 111 - - -- ... ..,- -·--..,""' .. ----- -- ... --~ 

,.. __ .,. __ 

14 8.3 8.40 -0.10 0.60 
15 9.0'l 9.25 -0.25 0.85 0.25 
16 10. 7 10.25 0.45 1. 00 0. 15 -0.10 
17 11. 1 11. 21 -0.11 0.96 -0.04 -0. 19 -0.09 
18 11.8 12. 11 -0. 31 0.90 -0.06 -0.02 0.17 0.26 
19 13.6 12. 90 0. 70 0. 79 -o. 11 -0.05 -0.03 -0.20 
20 13.5 13.73 -o. 23 0.83 0.04 0. 15 0.20 0.23 
21 14.8 14.40 0.40 0.67 -o. 16 -0.20 ~0.35 -0.55 
22 14.4 14.86 -0.46 0.46 -0.21 -0.05 0.15 o.so 
23 15.3 15. 15 0. 15 0. 29 -0.17 0.04 0.09 ~o.o6 
24 15.6 15.26 0.34 0. 11 -0.18 -0.01 -o.os -0.14 
25 15.2 15.17 0.03 -0.09 -0.20 -0.02 ~0.01 . 0. 04 
26 14.2 14.89 -0.69 -0.28 -o. 19 0.01 0.03 0.04 
27 13. 9 14.40 -0.50 -0.49 -0.21 -0.02 -0.03 •0.06 
28 14. 1 13.69 0.41 -0. 71 -0.22 -0.01 0.01 0.04 
29 13. 2 12.69 0.51 -1. 00 ~0.29 -0.07 ~0.06 ~0.07 

30 12. 0 11. 60 0.40 ~1. 09 -0.09 0.20 0.27 0.33 
31 10.2 10.47 -0.27 ~1. 13 -0.04 0.05 ~o. IS -0.42 
32 9.6 9.22 0.38 -1.25 -0.12 -0.08 ~0.13 0.02 
33 8.2 8.01 0. 19 -1. 21 0.04 0. 16 0. 24 0.37 
34 6.6 6.78 -0.18 ~1. 23 -0.02 -0.06 -0.22 ~0.46 
35 5. 1 s. 71 -0.61 -1.07 0. 16 0. 18 0.24 0.46 
36 3. 9 4.65 ~o. 75 --l. 06 0.01 -0.15 -0.33 -0.57 
37 3. 5 3. 71 -0.21 -0.94 0.12 0.11 0.26 0.59 
38 3. 2 2.87 0.33 -0.84 0.10 -0.02 -o. 13 -0.39 
39 3.2 2.36 0.84 -0.51 0.33 0. 23 0.25 0.38 
40 2.9 2. 18 0. 72 -0. 18 0.33 o.oo -o. 23 -0 .• 48 
41 2. 1 2. 21 -0. 11 0.03 o. ·Z1 o.rz -o. 12 0. 11 
42 2.2 2.50 -0.30 0.29 0.26 0.05 0. 17 0. 29 
43 2.6 3.00 -o. 40 0.50 0. 21 -0.05 -0.10 I ~o. 27 
44 3.3 3. 78 ~0.48 0.78 0.28 0.07 0. 12 0.22 
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TABLE 16 
(STANDARD METHOD - 5th DEGREE • Z5 VALUE SPREAD) 

ITEM Original Adjusted Differences for Adjusted· Values Value Value Residual 
(Degrees) (Degrees) (De.gree.a) 

45 4.Z 4. 71 -0.51 
46 5.4 5. 76 -0.36 
47 7.6 6.97 0.63 
48 8.5 B.Z6 0.24 
49 10.5 9.60 0.90 
50 10.5 10. 87 -0.37 
51 11. 5 11.94 -0.44 
5Z 1 z. 7 l'Z.Bl -o. 11 
53 13.Z 13.35 -0. 15 
54 13.9 13.58 0.3Z 
55 13.7 13.5Z 0. 18 
56 13.Z 13.00 0. zo 
57 1 z. 7 1Z.Z4 0.46 
58 11. 1 11.36 -0.26 
59 10.4 10. 28 0.12 
60 B. 9 8.99 -0.09 
61 7.5 7.66 -0. 16 2 - - .. - l) .-0- .. - .......... - - - ... - - - - - - - - -

63 3.9 
64 3. 1 
65 2.0 
66 1.1 
67 1.3 
68 -1. 1 
69 -2. o 
70 -1. 1 
71 -1. 1 
72 -0.4 
73 2. 1 

t:.' L." L\/11 

0.93 0. 15 -o. 13 
1. 05 0. 12 -0.03 
1. Z1 0.16 0.04 
1. Z9 0.08 -0.08 
1. 34 0.05 -0.03 
1. Z7 -0.07 -0. 1 z 
1. 07 -o.zo -o. n 
0.87 -0. zo 0.00 
0. 54 -0.33 -o. 13 
.0. Z3 -0.31 o.oz 
-0.06 -O.Z9 o.oz 
-0.5Z -0.46 -0. 17 
-0. 76 -o. Z4 O.Z2 
-0.88 -o. 12 0.12 
-1.08 -0.20 -0.08 
-1. 29 -o. 21 -0.01 
-1.33 -0.04 0. 17 ------ --- .. - .... __ .. 

so 

IY" 
-o.zo 

0. 10 
0.07 

-O.lZ 
0,05 

-0.09 
-0.01 
0. 13 

-0. 13 
0.15 
0.00 

-0.19 
·0.39 
-0. 10 
-0.20 

0.07 
r- ~·}..S-

t:>" 
-0.3 
0.3 

.. o.o 
-0.1 
o. 1 

-o. 1 
0.0 
0. 1 

2 
0 
3 
9 
7 
4 
8 
4 
6 
8 
5 
9 
8 
9 
0 
7 

-o.z 
o.z 

-0. 1 
-o. 1 
0.5 

-0.4 
-0. 1 
0.2 
0.11 -- .... --



TABLE 17 
(WEIGHTED MF,:THOD • 3rd DEGREE" 25 VALUE SPREAD J 

ITEM Original Adjusted Differences for Adjusted Values Value Value Residual 
(Degrees) (Degrees) (Degrees) ""-' L>." b."' ! 

r..·~ A" 
1 14. 1 
2 13. 0 
3 12.6 
4 12.0 
5 10.8 
6 9. 7 
7 8.0 
8 7.7 
9 7.6 
10 7. 1 
11 7. 1 
12 7.6 
-------------~-----~~---- .. - ·- ... -- ... ............ "' 

__ .,. ___ .............. f-- .. --
13 7.5 8.00 -0.50 
14 8.3 8.61 -0.31 0.61 
15 9.0 9.37 -o. 37 0.76 o. 15 
16 10.7 10.23 0.47 0.86 0.10 -0.05 
17 11. 1 11. 14 -0.04 0.91 0.05 -0.05 o.oo 
18 11.8 12.04 -0. 24 0.90 -0.01 -0.06 -0.01 -0.01 
19 13.6 12. 89 . 0. 71 0.85 -0.05 -0.04 0.02 0.03 
20 13.5 13.64 -0.14 0.75 -o. 10 -0.05 -0.01 -0.03 
21 14. 8 14.26 o. 54 0.62 -0.13 -0.03 0.02 0.03 
22 14.4 14. 7Z . -0.32 0.46 -0.16 -0.03 o.oo -o.o2 
23 15. 3 15.00 0.30 0.28 -0.18 -0.02 0.01 0.01 
24 15.6 15. 10 0. 50 0. 10 -0.18 0.00 8.02 0.01 
25 15.2 lji.OO 0.20 -0.10 -0.20 -0. 20 -0.20 -0.04 
26 14.2 14. 70 -0.50 -0.30 -0.20 0.00 0.02 0.04 
27 13.9 14. 20 -0.30 -0.50 -o.2o 0.00 0.00 -0.02 
28 14. 1 13.50 0.60 -0.70 . -0. 20 EII.OO 0.00 o .• oo 
29 13. 2 1 2.. 62 0.58 -0.88 -o. 18 0.02 0.02 0~02 
30 12.0 11.59 0.41 -1.03 -0. 15 0.03 0.01· -0.01 
31 10.2 10.45 -o.2s -1. 14 -o. 11 0.04 0.01 o.oo 
32 9.6 9.23 0.37 -1. 22 -o. 08 0.03 -0.01 -o.o2 
33 8.2 8.00 0.20 -1. 23 -0.01 0.07 0.04 0.05 
34 6.6 6.80 -o. 20 -1.20 0,03 0.04 -0.03 -0.07 
35 5. 1 5.67 -0.57 -1. 13 0.07 0.04 0.00 0.03 
36 . 3.9 4.66 -o. 76 -1.01 0.12 0.05 0.01 0.01 
37 3.5 3.81 -0.31 -0.85 0.16 0.04 -0.01 -o. 02 
38 3. 2 3. 13 0.07 -0.68 o. 17 0.01 -0.03 -o.o2 
39 3.2 2.66 0.54 -0.47 0. 21 0.04 0.03 0.06 
40 2. 9 2.43 0.47 -0.23 0.24 0.03 -0.01 -0.04 
41 2. 1 2.43 -0.33 o.oo 0,23 -0.01 -0.04 -0.03 
42 2.2 2.67 -0.47 0.7..4 0.24 0,01 0.02 0.06 
43 2.6 3~16 -0.56 0.49 0.25 0.01 0.00 -0.02 
44 3. 3 3.88 -0.58. 0. 72 0.23 -o.o2 -0.03 -0.03 
45 4.2 4.80 -o.'6o 0.92 0.20 -0.03 -0.01 0.02 
46 5. 4 . 5.89 -0.49 1. 09 0. 17 -0.03 0.00 0.01 
47 7.6 7.09 o. 51 1. 20 0. 11 -0.06 -0.03 -0.03 



TABLE 17 
(WEIGHTED METHOD~ 3rd Degree· 25 VALUE SPREAD ) 

-ITEM Original Adjusted Differences for Adjusted Values Value Value Residual 
(Degrees) (Degrees) (Degrees) D.' r::," l;'il A'" A'~ 

48 8.5 8;35 0. 15 l. 26 0.06 -o.os 0.01 0.04 
49 lil.S 9.59 0. 91 l. 24 -0.02 -0.08 -0.03 ~0.04 

so 10.5 10.74 ·0.24 l. 15 -0.09 -0.07 0.01 0.04 
51 11. 5 11.74 -o. 24 1. 00 -o. 1s -0.06 0.01 o.oo 
52 12.7 12. 52 0.18 0.78 -0.22 -0.07 -o. 01 -o.o2 
53 13. 2 13.04 0.16 0.52 -0.26 -0.04 0.03 0.04 
54 13.0 13. 27 0.63 0.23 -0;29 -0.03 0. Olr -0.02 
55 13.7 13. 20 o.so -0.07 -0.30 -0.01 0.02 o. 01 
56 13. 2 12.82 0.38 ~0.38 -0.31 -0.01 0. 00 ~o.oz 
57 12. 7 12. 16 0.54 -0.66 -0.28 0.03 0.04 0.04 
58 11. 1 11.25 -o. 1s -0.9i -0.25 0.03 0.00 ~0.04 
59 10.4 10. 13 0.27 ~1. 12 ~0.21 0.04 0.01 0.01 
60 8.9 8.85 'o. OS ~1. 28 ~0.16 0.05 0.01 0.00 

~l----11---~-~-1,~~~~--~9!. -=t-}2. -0.11 0.05 0.00 ;..0,01 ---- ... ----"!"-- .. .......... ... ------
62 6.0 
63 3.9 
64 3. 1 
65 2.0 
66 l. 1 . 
67 1.3 
68 ~1. 1 
69 -2. o 
70 ~1. 1 
71. -1.1 
n -0.4 
73 z. 1 
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TABLE 18 
ROO,T MEAN SQUARE VALUES 

~pre ad 11 Point Smoothing Z5 Point Smoothing 

f.rytoe Original Standard Weighted Standard Weighted 

brder 
jra. 1:nn .lra. .lra • "=· .lra. 
Order Order Order Order Order Order 

Residual 0.3578 O.Z637 O.Z936 0. 71ZZ 0.4196 0.4356 
A' 1. 03 7(} 0.9045 0.9Z7Z 0.9104 0.7741 0.8848 0.855Z 
bfl 0.8750 o·. ZZ9Z O.Z936 O.Z175 0. 1719 0.1995 0. 1815 
.t:::."' 1. 5711 0.1878 0.3361 0.09Z8 0.0850 0. 1103 0.0404 
~"' Z.9811 0.3161 0.565Z 0.0781 0. 138Z 0.17Z1 0.0191 
A" 5.7071 0.580Z 0.9743 0.0951 O.Z535 0.31Z3 0.0307 

• 
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